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a b s t r a c t
Foams produced with surfactant concentration below the Critical Micelle Concentration (CMC) are usually moderately stable due to high drainage rates and intense bubbles coarsening/coalescence. Aim of
this work is to examine how such low surfactant concentration affects foam destabilization and elucidate the interplay between free drainage and bubble size variation. Foam destabilization experiments
are conducted at varying SDS concentrations (below the CMC) where the evolution of liquid fraction and
bubbles size is registered simultaneously. Instantaneous volume measurements of the drained liquid
and the remaining foam yield the evolution of the global liquid fraction and drainage rate in the foam.
Continuous electrical conductance measurements give the local liquid fraction and drainage rate in the
foam. Microphotographs allow estimation of bubble size distribution and bubble population at regular
time intervals. The present data show that the lifetime of moderately stable foams depend largely on surfactant concentration below the CMC but this effect does not scale linearly with surfactant concentration.
Furthermore, measurements are ﬁtted to semi-empirical expressions and are compared to a modiﬁed
Leonard and Lemlich (L–L) drainage model that has been expanded to incorporate bubble size evolution.
The latter is a rough approximation based on certain assumptions but it is a fair approach given the excessive difﬁculty of detailed numerical calculations. The comparison reveals the signiﬁcant role of bubble
size on the free drainage of moderately stable foams. Interestingly, incorporation of global liquid fraction
data into the modiﬁed L–L model yields surface shear viscosity values in agreement with literature.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction
A foam comprises a mixture of liquid and bubbles, stabilized
by surfactant, having an anisotropic distribution of liquid fraction
and bubble size that both evolve dynamically [3,36]. Free foam
drainage is a complex process since each of the following may take
place simultaneously: gravitational liquid ﬂow (liquid drains out
of the foam chieﬂy through Plateau Borders (PB) and nodes), shear
stresses imparted by the gas–liquid interfaces, capillarity induced
liquid suction (opposing gravity especially at the foam bottom),
bubbles size increase and bubble population decrease because of
coalescence (merging of adjacent bubbles as result of rupture of
the liquid ﬁlms between them), and coarsening (enlargement of
large bubbles by gas diffusion from smaller adjacent bubbles due
to pressure differential between bubbles of unequal size-Ostwald
ripening) [3].
The presence of surfactants in a foam can, in principle, inﬂuence
both the gas–liquid interfacial properties (e.g., surface tension, surface dilatational viscosity, surface shear viscosity, surface elasticity)
and the bulk liquid viscosity. Yet, for the bulk viscosity to be affected
very large concentrations -well above the CMC- are required. Many
preceding works (extended reviews on this topic can be found elsewhere e.g. [9,44] have shown that the type and concentration of
surfactant modiﬁes considerably the gas–liquid interfacial properties and, therefore, can change the ﬂow type inside the foam’s liquid
network (i.e. PB, nodes and ﬁlms) and can lead to signiﬁcant alteration of drainage rates. However, most studies examine the above
either in foam systems that maintain their initial bubbles size during drainage (i.e. surfactant concentrations well above the CMC and
at high liquid fractions) or/and overlook the evolution of bubbles
size, e.g., Cervantes-Martinez et al. [8], Boos et al. [3].
Several works have shown that bubble size evolution due to
coarsening and free foam drainage are closely interrelated. Hilgenfeldt et al. [18], have shown that strong bubble coarsening leads
to shorter drainage time (accelerated drainage) which is independent from the initial liquid content, 0 . Both Magrabi et al. [25]
and Vera and Durian [47] measured bubble size and liquid void
fraction at various positions along the foam column during free
drainage. Magrabi et al. [25] concluded that at their particular
system, foam destabilization takes place at three stages: initially
(<200s) drainage dominates over coarsening, later (200s–900s)
drainage and coarsening occur concurrently and eventually (>900s)
coarsening prevails over drainage. Vera and Durian [47] measured
increased coarsening rates for drier foams and suggested that coarsening plays an unavoidable role in free drainage. Saint-Jalmes and
Langevin [36] studied the coupling between drainage and coarsening of aqueous foams and showed that the type of ﬂow inside the
PBs depends on both bubbles size and gas–liquid interfacial properties. The above works do not take into account the effect of the
type or/and surfactant concentration on the interaction between
drainage and coarsening and, additionally, consider bubbles coalescence negligible.
It is known that for low surfactant concentrations, especially
below the CMC, bubble coalescence may contribute signiﬁcantly to
bubble size variation during foam destabilization [10]. To the best
of our knowledge, only Carrier and Colin [7], isolated bubble coalescence from coarsening by using a mixture of gases that has very low
mass diffusivity in water. These authors examined the inﬂuence
of various surfactants (i.e. SDBS and TTAB) at different concentrations on the interplay between coalescence and free drainage. They
found that coalescence is dramatically enhanced below a critical
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liquid fraction which depends on the surfactant concentration and
nature of the surfactant but does not depend on bubble size.
The only systematic work that we were able to identify on foam
free drainage using surfactant below the CMC is that by Harvey
et al. [17] These authors studied the effect of different types (i.e.
Dowfroth-250, Dowfroth-400 and SDS) and different concentrations of surfactants (always below the CMC) on foam lifetime and
on initial bubbles size. They showed that foam stability is controlled
not only by the liquid drainage process, which is a function of surface shear viscosity, s , but also by coalescence which is a function
of other interfacial properties (e.g. surface dilatational viscosity
of adsorbed layers). However, this study, being chieﬂy of technological orientation, did not investigate the effect of surfactant
concentration on the evolution of bubble size and liquid fraction
during foam drainage.
Scope of this work is to study the inﬂuence of surfactant concentration below the CMC on the interplay between bubbles size
evolution (due to coarsening and coalescence) and free drainage.
Surfactant concentrations below the CMC are used, because at these
concentrations foams are only moderately stable. Novel data are
presented concerning bubble size evolution and liquid fraction proﬁles both locally (electrical resistance measurements) and globally
(volumetric measurements) for various surfactant concentrations.
Additionally, it is examined if the present ﬁndings can be described
by the well known drainage model of Leonard and Lemlich (1965,
L–L model) [53] after incorporating the experimentally observed
bubble size evolution to cope with coarsening and coalescence.
In the following sections, the foam preparation procedure and a
few essential physicochemical properties of the foam solution are
presented ﬁrst, being followed by an outline of the experimental
setup and the employed measuring techniques. A section comes
next with experimental results and discussion on the underlying
phenomena.

2. Experimental setup and procedures
2.1. Foam preparation
Surfactant solutions are produced using deionized water and
sodium dodecyl sulfate (SDS ≥ 98% purity; Fluka). Foams are produced employing four concentrations of SDS (300, 600, 1000 and
2000 ppm) which are below the reported CMC value at 30 ◦ C
(∼2500 ppm). SDS is known for producing foams unstable with
respect to coalescence [12]. A small amount of NaCl 4 × 10−3 M;
(≥99% purity Merk) is added to deionized water to yield the ionic
strength met in applications where foams are produced from fresh
(mineral) water, typical for food and cosmetic applications. Prior to
use, NaCl was heated to 550 ◦ C to eliminate organic residuals. The
use of NaCl in deionized water allows avoiding problems created
by precipitation of calcium and magnesium salts in fresh water. In
addition, this small concentration of NaCl does not affect interfacial properties whereas it permits reliable electrical measurements
(see Section 2.3).
The surfactant is used as purchased without additional puriﬁcation as it is not our intention to study the foaming performance
of puriﬁed SDS but instead to compare the foaming performance of the same SDS at different concentrations below the
CMC. Nevertheless, to check for the effect of impurities the
equilibrium surface tension is measured at eight distinct concentrations over the examined range of concentrations (Wilhelmy
plate method, TE2, LAUDA). The measured values at 30 ◦ C are
(±0.2 mN/m): 71.3 (0 ppm), 56.2 (300 ppm), 52.7 (450 ppm), 51.8
(600 ppm), 47.5 (800 ppm), 44.7 (1000 ppm), 41.9 (1300 ppm), 36
(1800 ppm) and 33.7 (2000 ppm). These values are in reasonable
agreement-deviations from 0 to −4 mN/m with the only other mea-
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Table 1
Initial (at the moment that the foam has been produced in the whipping vessel)
foam and liquid fraction for various SDS concentrations created by whipping of
V L,0 = 200 ml of liquid.

Fig. 1. Experimental layout: (1) Electrical data acquisition unit, (2) Digital Humidity recorder, (3) Temperature / humidity regulated chamber, (4) Thermal regulation
unit, (5) Test cylinder for foam destabilization, (6) Function generator, (7) Digital
camera for close-up photos (the camera for the instantaneous heights determination was positioned in front of the test cylinder), (8) Electrical signal analyzer, (9)
Multimeter, (10) Oscilloscope, (11) Mixer for making foams. The two red solid lines
on the test cylinder denote a pair of ring electrodes while the dashed red line shows
the height where close-up photos are taken.

surements that were found in literature regarding (recrystallized)
SDS with added 4 × 10−3 M NaCl [49]. Such small deviations might
be attributed to the small temperature difference with that study
(25 ◦ C; [49]).
Foams are prepared by whipping air into 200 ml of the surfactant
solution using a stand mixer (POWER PLUS, Izzy, 380 W) for 10 min.
The turbulent mixing method (either by whipping or sparging) for
producing foams has been applied by many researchers in the past
(i.e. [21,36] Indrawati and Narsimhan [54]; [27,13,26,38]. This is
because turbulent mixing can be met in a variety of technological applications such as processing of foods, detergents, cosmetics,
pharmaceutics, ﬁreﬁghting foams etc. Moreover, according to literature [38,27] turbulent mixing is the most suitable method for
rapidly producing large quantities of initially uniform and homogeneous foams. Part of the produced foam is immediately decanted
to ﬁll a cylindrical Plexiglas test container (70 mm id and 260 mm
height) up to its top (initial volume of foam, VF,0 = 987 ml) and
is allowed to drain freely. The test container is put inside a special chamber where temperature and humidity are controlled
(T = 30 ± 1 ◦ C, relative humidity controlled by supersaturated NaCI
solution at 75% ± 2%, measured by humidity sensor Honeywell HIH
4010 004). The experimental setup is presented in Fig. 1. Experiments are repeated ﬁve times.

c0

300

600

1000

2000

VF,0 , ml
0, –

1234.57
0.162

1369.86
0.146

1449.28
0.138

1680.67
0.119

yet small enough to preserve the local character of measurements
[46].
2.4. Close-up photos at the wall
High resolution close-up photographs of the foam are taken
at regular time intervals (1 min) at a position located 15 cm
from the bottom of the test container, using a still digital camera (CANON EOS 350D, 8MP) equipped with proper macro lens
(CANON EF100 mm, f/2.8 Macro USM) and three extension rings
(CANON, 13-21-31 mm) in order to attain the appropriate magniﬁcation. Average bubble diameters are determined from images
(3.5mm × 3.5 mm) using custom made software based on a template matching technique which is capable of analyzing densely
dispersed spherical bubbles in digital images [50]. The software
identiﬁes and analyzes only sharp focused bubbles in every image.
For each surfactant concentration results are computed from ﬁve
repetitive experiments (number of bubbles between ∼500 and
∼2000 for each time instant, reproducibility among repetitions
±5%). It has been recognized (Cheng and Lemlich [55]) that bubble
distributions measured photographically at the wall may be different form the bubble size distribution in the bulk of the foam because
the plane of view discriminates statistically against the inclusion
of small bubbles. An algebraic treatment has been proposed to correct this statistical bias but errors such as bubble distortion and
bubble segregation are tacitly ignored in most studies e.g. Magrabi
et al. [24]. However, none of these errors affects the qualitative
comparisons of this study [31].
3. Results and discussion
3.1. Evolution of drained liquid volume and foam volume

2.2. Volumetric measurements
A still camera (SONY DSC-F717Cyber shot 5MP) is used to shot
photographs of the whole foam column inside the test container at
regular time intervals. These photographs are used to determine the
instantaneous heights of the foam and of the drained liquid. From
these values the instantaneous global volumetric liquid fraction,
glob , of the entire foam column are estimated using Eq. (1):

glob =

VL,O − VL
VF

(1)

where VF is the instantaneous foam volume, VL is the instantaneous
drained liquid volume and VL,0 is the initial liquid volume.
2.3. Local electrical measurements
Details of the electrical conductance technique can be found
elsewhere [46]. The conductance gauge consists of two parallel
stainless-steel rings (3 mm wide) running the internal circumference of the test container. The two rings are placed apart by 0.7 cm
with the lowest ring mounted 5 cm from the bottom of the test
container. The selection of the pair rings is such that their separation distance is large enough to average bubble size undulations

Table 1 presents initial foam volume produced by whipping
200 ml of the different surfactant solutions. As surfactant concentration increases foamability increases, too. This means that less
initial liquid volume, VL,0 is used to produce the same initial amount
of foam, VF,0 and as a result the foam becomes dryer and more stable (i.e. initial global liquid fraction, 0 , decreases). Fig. 2a presents
the evolution of foam volume, VF , and drained liquid volume, VL ,
for different surfactant concentrations (i.e. 300, 600, 1000 and
2000 ppm); data points correspond to average measurements. The
error bars at each data point stand for the standard deviation from
ﬁve repetitions (average value ± 5% from repeatability runs). It is
seen that at t = 0 there are small volumes of liquid and foam that
have already been drained and collapsed, respectively. These initial volumes get smaller with increasing surfactant concentration
– as foam stability increases – and are due to the inevitable foam
drainage that takes place during transportation from the whipping
vessel to the test container (time of transportation, t0 ∼ 30 s). As
drainage proceeds, the volume of foam, VF, decreases whereas the
drained liquid, VL, increases, both in a non-linear fashion. The VF
proﬁles decrease gradually when the surfactant concentration is
higher than 300 ppm. However, for 300 ppm surfactant concentration, the VF proﬁle drops rapidly which indicates that the 300 ppm
foam is unstable. All in all, the lifetime of the present moderately
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Table 2
Fitting equation parameters for various SDS concentrations.

Fig. 2. Effect of SDS concentration on: a. evolution of foam volume, VF, and drained
liquid, VL; b. Liquid drainage rate and foam volume decay rate proﬁles. Markers
stand for raw data and lines for ﬁtting equations and their derivative.

stable foams depend largely on surfactant concentration but this
effect does not scale linearly with surfactant concentration.
The thin lines in Fig. 2a represent the VL proﬁles ﬁtted to an
empirical expression, Eq. (2), that has been commonly used in literature to describe free foam drainage [6,51]:
A=

VF
1
 t+t 
=
VL,O
1+ T O

(2)

F

The VF proﬁles are ﬁtted to a similar expression:
B=

VF − VF,O
1
 t+t 
=
VF,∞ − VF,O
1 + T O nF

(3)

c0

300

600

1000

2000

nL , –
nF , –
TL , s
TF , s
VF∞ , ml

−1.59
−1.77
78.24
129.01
315

−1.59
−1.33
128
340
628

−1.85
−1.40
170.04
431
678

−2.13
−1.72
265.18
432
784

ware (TableCurve® ) is used to determine the VF,∞ , TL,F and nL,F
values (Table 2). The produced sigmoid lines follow the data quite
satisfactory (R2 ∼ 0.996–0.999). The sigmoid behaviour in VL and VF
proﬁles has been reported in the past for various free drainage foam
systems [4,19,39,25,47,28,48]. It must be stressed that the above
equations are meaningful for time scales far from inﬁnity, e.g., like
those in the present study, for which VF,∞ take values much higher
than zero.
Fig. 2b presents the derivatives of VF (right axis, dVF /dt) and VL
(left axis, dVL /dt) for every tested surfactant concentration (i.e. 300,
600, 1000 and 2000 ppm). Data derivatives follow well the derivation of Eqs. (2) and (3). The sigmoid character of VL and VF results
in a maximum (peak) value at the respective derivative proﬁles.
The maximum, (dVL /dt)max , value separates the liquid drainage rate
proﬁles in two distinct regions:
RegionI: At this region the drainage rate increases slowly until
reaching (dVL /dt)max at a speciﬁc time instant, tmax . Jacobi et al.
[19] suggested that this initial increase should be attributed to the
redistribution of the liquid content along the foam column. There
are theories for a small induction period in the drainage process
but they are associated to very stable foams with no liquid at the
bottom initial state which is clearly not the case here [1]. The shape
of the drainage rate curves may be seen as outcome of the combination of two phenomena. The ﬁrst is the reduction of liquid content
because of drainage and the second is the increase of bubble size
because of coarsening and coalescence. Liquid ﬂow resistance and,
correspondingly, drainage rate depends on the cross-sectional area
of PB. The reduction of liquid content with time leads to smaller PB
cross sections (for constant number of PBs) and thus to smaller
drainage rate. On the other hand, the reduction of the bubble
number with time leads to a decrease of PB number and, consequently, to an increase of their cross-sectional area (for constant
liquid content) resulting to higher drainage rates. The combination of the two phenomena – with different time evolution each –
can lead to the observed sigmoid drainage curves. As surfactant
concentration increases, the duration of Region I increases (tmax
rises linearly with surfactant concentration) and the (dVL /dt)max
values decrease (i.e. following a power law function; (dVL /dt)max
∝tmax −0.5588 , embedded plot I in Fig. 2b). This implies that both
competing phenomena are hindered (exhibit lower rates) as surfactant concentration increases. RegionII: This region starts right
after the inﬂection point. From this point on, the reduction of liquid content overwhelms the increase of bubble size and so drainage
rate steadily decreases.
The dVF /dt proﬁles appear to have a maximum point,
(dVF /dt)max , too. The (dVF /dt)max value for the lowest surfactant
concentration (300 ppm SDS) is signiﬁcantly higher (∼5 times)
compared to that at other concentrations. This indicates that
the 300 ppm foam decays extremely faster than the other foams
(embedded plot II in Fig. 2b).

F

VF,∞ is estimated from the ﬁtting of Eq. (3) on the experimental VF proﬁles and represents the theoretical foam volume
at inﬁnite time. TL and TF are the half-life for liquid drainage
and foam decay whereas nL and nF are empirical parameters that
describe the sigmoid character of the curves. A commercial soft-

3.2. Evolution of bubble size
Drainage rate and foam column stability are closely interrelated
to foam bubble dynamics [25]. Fig. 3, presents bubble images, at
a distance H = 15 cm from the test container bottom, at various
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Fig. 3. Typical foam images during foam destabilization for various SDS concentrations.

time instants and various surfactant concentrations. The arithmetic
mean bubble diameter, dave , calculated as suggested by Boos, et al
[3]; Qian and Chen [56]; Stevenson et al. [57] and the global liquid
fraction, glob , are displayed inside the photos of Fig. 3. In principle,
a Lagrangian observation of bubble size evolution is required. This
is so because when drained liquid accumulates at the bottom of
the foam it displaces the foam column upwards. In this case, bubbles observation should follow the foam motion. We performed
tests by continuously removing the drained liquid from the foam
bottom, and we have seen that the measured local liquid fraction
is essentially the same with the case when no liquid is removed
(Supplementary material). This indicates that the variation of foam
features at the scale of foam displacement is insigniﬁcant, so an
Eulerian observation (i.e. at a ﬁxed position) of the bubble size
distribution is permissible.
As SDS concentration increases, the foam becomes dryer
(smaller glob ), the initial average bubble size, dave,0 , decreases
and as a result bubbles are more closely packed. For all examined
SDS concentrations, initial bubbles are approximately spherical.
As drainage proceeds, dave increases and bubbles shape deviates
to polygonal. The case of the lowest examined surfactant concentration (300 ppm) is peculiar in the sense that the average bubble

size remains approximately unchanged for the entire foam lifetime
from production to collapse. Fig. 2a. (VF data) indicates that for the
300 ppm foam (black markers) intense bubble collapse occurs at
the top of the foam. This can cause high drainage rate at the top of
the foam which can rewet the foam at lower heights and so bubbles
size may stay unchanged.
Fig. 4 presents results from optical recordings. Fig. 4a presents
the dave , evolution proﬁles during foam drainage for various surfactant concentrations. With the exception of the 300 ppm proﬁle
where only few data exist, all other proﬁles are successfully
described by the same 2nd order polynomial equation that passes
through dave,0 (dashed lines in Fig. 4a). This roughly indicates that
for the examined surfactant concentrations bubble growth dynamics may be dictated by similar phenomena despite they start form
different initial bubble diameter, dave,0 Furthermore, it is seen
that dave,0 is strongly inﬂuenced by the SDS concentration (dave,0
decreases almost linearly with SDS concentration as shown in the
inset plot). In the past, many studies have provided data concerning
bubble evolution during foam drainage. Speciﬁcally, Magrabi et al.
[24]; Gañán-Calvo et al. [16] and Feitosa and Durian [14], suggested
that the average bubble size evolution increases at a decelerating rate according to the r = t1/2 rule when coarsening phenomena
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Bubbles population density (number per area) across the observation window is presented in Fig. 4b as a function of time for
various surfactant concentrations. For surfactant concentrations up
to 1000 ppm, the initial number (at t = 0 s) of bubbles, N0 , is small
and rather independent from concentration. On the other hand, for
2000 ppm, N0 is much higher. Moreover, the rate of bubble population change is alike for surfactant concentrations up to 1000 ppm
but it is drastically higher for 2000 ppm. From a quick glance one
might think that this contradicts the measurements in Fig. 2. However, this is not true. The 2000 ppm foam has many more bubbles
than the other foams at lower SDS concentrations but of smaller
size. In addition, given that the liquid content is comparable among
all examined foams, the 2000 ppm foam has much thinner PBs. The
existence of smaller bubbles with thinner PBs leads to higher curvature of intrabubble ﬁlms and, therefore, increased capillary suction
from the ﬁlms to the PBs. The above is hampered by the effect of
disjoining pressure and surface elasticity of the ﬁlms which both
rise with the concentration of surfactant. The net effect depends
on the relative contribution of the above and in our case it is seen
that bubble coarsening and coalescence are drastically stronger in
the 2000 ppm foam. This is so although the drained liquid volume is
small because as the surfactant concentration increases the rigidity
of PB walls increases and so does also the hydrodynamic resistance
to ﬂow.
3.3. SDS concentration in the draining liquid
The SDS concentration in the liquid draining inside the Plateau
Borders is expected to be smaller than the initial bulk liquid concentration due to adsorption to the bubbles surface. In order to examine
if such depletion effects are important in our case, we calculated
the surface coverage using the Gibbs equation. Speciﬁcally, the surfactant concentration in the draining liquid is computed from the
surfactant mass balance:





VL,o cs,O + AO T cs,O + cO VL,O

(4)

where, VL,0 , cs,0 , A0 and  (cS,0 ) are the initial values (just right
after foam formation) for, respectively, the volume of liquid inside
the PBs, the surfactant concentration inside the PBs, the gas–liquid
interfacial area and the surface coverage. The notation VL (t), cs (t),
A(t) is reserved for the time evolution of the corresponding variables. The SDS concentration in the initial bulk liquid (used to
produce the foam) is denoted as c0 . A0 can be calculated from Eq.
(5), by employing the initial experimentally determined values for
glob and rave for each tested surfactant concentration:



A (t) = VF (t)
Fig. 4. Effect of SDS concentration on: a. arithmetic mean bubble size proﬁles
(the embedded plot shows the dependence of the initial bubbles size on surfactant concentration and the liquid fraction evolution); the dashed lines represent
the expression: dave = dave ,0(2* 10–6* t2 + 0.0013* t + 1); (R2 = 0.993) and b. Number of
bubbles per area evolution during drainage (embedded plot in log–log coordinates).
Bubbles are computed from still images running at a window frame of 3.5 × 3.5 mm.

are dominant. That trend is different than ours where bubble size
increases at an accelerating rate. However, those other studies refer
to very stable foams (far above the CMC) where coarsening alone,
i.e., gas diffusion, governs bubble growth. In our moderately stable
foams not only the liquid content changes considerably with time
(liquid ﬁlms and PBs get thinner) but also coalescence is occurring
parallel to coarsening. Coalescence superimposes to coarsening and
can yield an accelerating bubble growth with time as in Fig. 4a. More
work is needed to elucidate this issue.



3 1 − glob (t)

(5)

rave (t)

In fact, rave values vary along the height of the foam because coarsening and coalescence are usually faster at higher positions in the
foam. However, as an approximation rave it is considered here constant along the foam.  (cs,0 ) (presented Fig. 5a) is calculated by
using the Gibbs equation (Eq. (6)) after replacing cs with cs,0 given
that the static surface tension, , dependence on SDS concentration
is experimentally measured:
T (Cs ) = −

cs d␥(ss )
RT dc s



1+

cs
cs + cNaCI


(6)

where cNaCI is the salt concentration, R the ideal gas constant and
T the system temperature [20]. We solve Eq. (4) numerically using
Eqs. (5) and (6) to determine cs,0. . Fig. 5b presents the cs /c0 dependence for the examined c0 cases. Fig. 5b shows that immediately
after foam formation (t = 0 s) the surfactant concentration inside the
PBs is appreciably lower than c0 .
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higher than c0 . The average value of cs /c0 over the entire examined drainage time is approximately (±3%) equal to 1. This indicates
that the average cs values are not expected to be signiﬁcantly different than c0 during the drainage process so the value c0 can be
considered as the independent variable for presenting our results.
3.4. Liquid fraction and foam uniformity

Fig. 5. (a) Surface coverage dependence on SDS concentration; (b) actual SDS concentration inside the foam liquid normalized over the initial SDS concentration
during foam drainage.

The dynamic behaviour of cs during drainage, can be found by
solving the transient surfactant mass balance:
dVL (t)
d
[VL (t) + A (t) T (cs (t))] = cs (t)
dt
dt

(7)

Eq. (7) after differentiation yields:
dc s (t)
dA (t) /dt
= −T (cs )
dt
VL (T ) + A (t) dT (cs ) /dc s

(8)

Eq. (8) is solved numerically using the initial conditions obtained
by Eq (4). The time evolution of cs is displayed in Fig. 5b for the
various tested c0 values. It is apparent that as drainage evolves and
the bubble size increases, the surfactant concentration of the liquid
draining to the PBs increases, too, and at some instant it becomes

The upper half of the four plots in Fig. 6 (each one corresponds
to a different surfactant concentration, i.e. 300, 600, 1000 and
2000 ppm) presents the proﬁles of the global (data points and thin
ﬁtting line) and the local liquid fraction, , (thick line) normalized
with respect to the initial liquid fraction, 0 . While instantaneous
global liquid fraction, glob , is calculated directly from the VL over VF
ratio (Eq. (1)), the local liquid fraction, loc , is computed from electrical measurements using a procedure proposed by Karapantsios
and Papara [46] using the semi-empirical relation of Feitosa et al.
[15]. At t = 0 s, the glob /0 and loc /0 values are alike (for each
surfactant concentration), which indicates a uniform initial liquid
distribution along the foam column. These initial values are closer
to unity as SDS concentration increases due to the smaller volume of
drained liquid lost during foam transportation and decanting to the
test container. As drainage proceeds the loc /0 values are higher
than the glob /0 values because the foam is wetter near the bottom of the foam column where electrical measurements are taken
[36]. However, during the last stages of drainage where the foam
gets very dry loc /0 values approach glob /0 values. The exception observed for the 2000 ppm SDS concentration, indicates the
existence of a signiﬁcant volume of wet foam below the electrical
measurement level, which contributes to higher glob values. For
free-draining foams it is known that if the drained liquid accumulates below the foam, the liquid can rise at the bottom layers of the
foam and can yield volume fraction values even higher than the initial one [5,8]. This is more so for smaller bubbles, i.e. for 2000 ppm
SDS, where capillary rise is prominent.
The lower half of the four plots in Fig. 6 presents the time derivatives of glob /0 and loc /0 proﬁles. The ﬁrst peak on the dloc /dt
proﬁles at near zero time is due to the volume of liquid that has
been drained in the whipping vessel before decanting to the test
container. This reduces as surfactant concentration increases. The
second peak observed in the above derivatives follows the same
reasoning with the peak observed in the dVL /dt proﬁles (Fig. 2b).
With the exception of the 300 ppm foam, the d(loc /0 )/dt proﬁles
after the second peak appear qualitatively similar to the corresponding d(glob /0 )/dt proﬁles. There is a time shift, tr , between
the two proﬁles (tr is designated in Fig. 6d). This time shift corresponds to a delay for the propagation of liquid from the top to the
bottom of the foam. Based on this notion, one may deﬁne an effective propagation velocity of the draining liquid, c, calculated from
Eq. (9):



c = h/tloc,max



(9)

where, h, is the distance between the initial level of the gas-foam
interface (top of the foam) and the level of electrical measurements and tloc,max is the time necessary for the propagation of
liquid to reach the electrical measurements level from the top of
the foam (tloc,max is also designated in Fig. 6d). In free draining
foams there is a continuous distribution of liquid velocities along
the height of the foam and the effective propagation velocity, c,
is just an engineering approximation of a characteristic draining
velocity along the foam column. On this account, c must not be
confused with the draining front velocity rigorously deﬁned and
clearly observed in forced drainage experiments (e.g. [40,32]).The
estimated c values – shown inside the plots – decrease as surfactant
concentration increases (with the exception at 300 ppm SDS where
foam is extremely unstable). This indicates that the effective prop-
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Fig. 6. Left axis: Liquid fraction proﬁles normalized with respect to the initial liquid fraction value, o , obtained both locally (thick lines) and globally (markers); thin lines
correspond to ﬁtting curves. Right axis: Derivatives of the presented proﬁles. Effect of SDS concentration on the above proﬁles: a. 300 ppm, b. 600 ppm, c.1000 ppm and d.
2000 ppm.

agation velocity decelerates as surfactant concentration increases,
in line with the more immobile PBs wall and the more dense bubble
structure (i.e. smaller bubbles).

4. Comparison with model
Relation of measurable global drainage quantities to characteristics of a foam is not straightforward since free drainage is difﬁcult
to analyze. The situation is different from that of forced drainage
where the front velocity is an easily measured variable directly
related to foam characteristics [43]. In case of free drainage, there is
a continuous spatio-temporal evolution of liquid fraction from the
initial to the equilibrium state. This means that a complex spatially
distributed foam model must be employed (incorporating many
parameters for phenomena determining bubble size distribution
e.g. [1], in order to compute the liquid fraction reduction in the
foam. Direct modelling of the drainage process with simultaneous
coalescence and coarsening is a very complex task not undertaken
so far (in literature) in the context of comparison with experimental
data. Our scope is indeed to undertake this difﬁcult task but a careful step by step approach is needed. On this account, a ﬁrst attempt
to derive coalescence models based on experimental bubble size
distributions has been made in Kostoglou et al. [23].

Here, we seek an alternative simple approach to allow a direct
relation between free-draining foam characteristics and global liquid reduction rate. For this, we modiﬁed the well-known Leonard
and Lemlich [53] model that describes the average drainage velocity at a cross-section of a foam with constant bubble size (no
coarsening or coalescence). The modiﬁcations are based on three
assumptions:
The ﬁrst assumption is about using global quantities of liquid
fraction and bubble size instead of local quantities at a cross-section
of the foam, as is originally meant in the L–L model. This is of highly
approximate nature (and the assessment of approximation requires
further study) because as explained above there are complex spatial
dynamics in the foam.
The second assumption is about ignoring capillarity effects
when applying the L–L model to estimate global liquid reduction
rates. Foam dynamics and the subsequent equilibrium is result of
three opposing forces: gravity, on one hand, and capillarity plus
shear stresses at the gas–liquid interfaces, on the other. Far from
equilibrium, gravity and shear stresses are more important than
capillarity so as a ﬁrst approximation capillarity can be ignored in
the model. The global liquid drainage rate is equal to the velocity
through the Plateau borders at the bottom of the foam. Nevertheless, since the local liquid fraction is not-known at the bottom of
the foam and, in addition, the capillarity has always a ﬁnite con-
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Fig. 7. Effect of SDS concentration on the drainage rate and shear viscosity proﬁles: a. 300 ppm, b. 600 ppm, c.1000 ppm and d. 2000 ppm. Left axis: Drainage rate: markers
correspond to experimental drainage rate calculated from raw VL data, thin lines are calculated from the VL proﬁle derivative, thick lines are calculated from the L–L model
using average s values, dashed lines are the product of the global liquid fraction proﬁles and the effective propagation velocity (superﬁcial effective propagation velocity).
Right axis: Average s values (thick line), s proﬁles derived from the L–L model (thin line).

tribution, at this point we make a compromise to cancel the effect
of capillarity and so consider the global (average) liquid fraction in
the corresponding velocity equation.
The third assumption is about considering coarsening and coalescence to be adequately described by incorporating in the L–L
model the experimentally measured bubble size evolution. This
ignores other than topological effects of coarsening and coalescence on drainage. The modiﬁed L–L model takes into account
only one interfacial property, the surface shear viscosity, s . The
effect of other interfacial properties such as dilatational viscosity
and dilatational elastic modulus, are included in the evolution of
bubble size. It is well known (e.g., [42,34,17] that surface shear viscosity, controls the rigidity of PB walls and consequently the slip
condition at the walls. In particular, large s values correspond to
rigid PB walls, maximum hydrodynamic resistance at the PBs and
Poiseuille-like ﬂow. On the contrary, small s values correspond
to mobile walls, maximum momentum losses at the nodes and
plug-like ﬂow [11,40,37]. Magrabi et al. [24], also extended the L–L
model but used it in a different fashion, i.e., to predict bubble size
distribution functions during bubbles coarsening by incorporating
a change in liquid fraction.
Admittedly, the proposed use of the L–L model is a rough
approximation valid only under certain assumptions However, it
is an analytical approach that is worth to examine because of the
excessive difﬁculty to obtain detailed numerical calculations.
The L–L model has been employed by many researchers in the
past (i.e. [30,41] and [43] to predict the average superﬁcial velocity, usup , (drainage rate) of the liquid ﬂow over a cross-section of
a foam (Eq. (10)). The factor of 1/3 arises from assuming that all

Plateau borders within the network are randomly oriented [41]. It
incorporates three different physical parameters: A. bubble size,
B. liquid fraction, and C. ﬂow resistance inside the PBs (expressed
by the Boussinesq number, Bo, which includes the surface shear
viscosity s ):
usup =

(0.402r)2 g
3





A(bubblesize).




0.02 +



B(liquidfraction)

0.0655Bo0 −0.5
0.209 + Bo0 0.628

(10)



C(flowresistanceinPBs

where g is the gravitational acceleration,  and  are the bulk viscosity and density, respectively, Bo is deﬁned as the ratio of the
surface to the bulk viscous stress, that is:
Bo =

s
r

(11)

r is radius of the PB walls curvature which can be expressed as a
function of the bubbles radius, rb , [43]:
r = 1.280.46 rb

(12)

The L–L model can be used for the estimation of s values if , usup
and rb values are known. In the present study usup values are calculated from global volumetric measurements of  since electrical
measurements provide only a balanced drainage rate on the measurement level. Therefore, usup ,  and rb are calculated from the
data presented in Figs. 2 b, 4 and 5, respectively.
The upper half of the four plots (left axis) in Fig. 7 presents
the evolution of the drainage rate, for various surfactant concentrations. Speciﬁcally, data points stand for experimental drainage
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Figure 8. Measured values of surface shear viscosities s as function of normalized
SDS concentration over the SDS cmc. Closed markers correspond to direct measurements triangle: (group of higher values): Patist et al. [33], (group of lower values):
Harvey et al. [17]; square: Poskanzer and Goodrich [35]. Open markers correspond
to indirect measurements (triangles (from lower to higher SDS concentrations):
Koehler et al. [22]; Pitois et al. [34]; Saint-Jalmes et al. [40]; square: present work).
The shaded region denotes the SDS concentrations explored in this study.

rate, uexp , (calculated from the raw VL data: uexp = (1/A)*dVL/ dt,
A is the foam column cross section), the thin line stands for the
smoothed experimental drainage rate calculated by differentiation
of Eq. (2), uﬁt , and, ﬁnally, the dashed line represents the product
of the global liquid fraction proﬁles and the effective propagation
velocity (superﬁcial effective propagation velocity). The latter follows satisfactory the decaying, and more lengthy stages, of uexp and
uﬁt proﬁles but misses their initial rise, as expected.
In order to estimate s proﬁles, uﬁt data are employed in Eq.
(10). These s proﬁles are plotted at the lower half of the four plots
(right axis) in Fig. 7 (thin line). The average values of the s proﬁles over the whole period of drainage, s,ave , are also shown in
Fig. 7 (thck line). Since in most studies so far, s values have been
considered constant during the drainage process, s,ave values are
incorporated in Eq. (10) to yield a drainage rate proﬁle, u(s,ave ),
based on constant s values (thick line in the upper half of plots in
Fig. 7).
As shown in Fig. 7, the L–L model, usup (s,ave ), using an s,ave
value, predicts fairly well the measured drainage rate which indicates that foam permeability is controlled by viscous resistance in
the Plateau borders (‘channel-dominated ﬂow’) [45]. However, for
the foam having the highest SDS concentration (2000 ppm), the
model over-predicts the drainage rate values at the last stages of
drainage (Region II). The computed s proﬁles show larger s values
than the average ones during the last stages of Region II in this particular foam. Pitois et al. [34] performed ﬁlm drainage experiments
using SDS and also determined s values that increase as the liquid
ﬂow rate decreases. They attributed this behavior to an increase in
surface rigidity due to the surfactant saturation at the gas–liquid
interface which results to additional effects such as Gibbs elasticity or dilatational viscosity, that are increasing as the interface is
subjected to increasing stresses.
Fig. 8 compares the s values from literature with the s,ave
values of this study. The error bars at each data point stand for
the standard deviation from ﬁve repetitions (±10%). The s values
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in literature are separated in two categories based on the type of
measuring method: direct (invasive) and indirect (non-invasive)
method [42]. Every direct method (e.g. a wall knife-edge viscometer [33,17], deep-channel surface viscometer [35], ferromagnetic
microbutton probes [52] relies on the deformation of the surface shape without appreciable change in the area of the surface
(an ideal setup would involve a surface ﬂow with no dilatational
motion) [29]. Every indirect method incorporates the experimentally determined u,  and rb values into theoretical expressions that
are mainly based on the L–L equation to determine the s values.
The indirectly determined s values of this study are close to others
determined also indirectly but for totally different foam systems.
It is noted that all the estimated s values in literature -regardless
method- present a clear increase with surfactant concentration c0 .
A recent survey by Mayer and Krechetnikov [29], who inspected
the entire group of s values available in literature for SDS, suggests that there is a concentration dependence of surface shear
viscosity, with a monotonic increase in s below the CMC. Our estimations, also shown in Figure 8, are in agreement with the expected
positive correlation between s and the surfactant concentration.
However, the s value for the 300 ppm is over-predicted and do not
follow the monotonic increase. This may be due to the very intense
coalescence phenomena that take place at this low surfactant concentration which may inﬂuence drainage rates by additional means
than by just altering the bubble size. In that case the third assumption in the modiﬁed L–L model would not be valid. However, we
choose to present this value in order to show that the proposed
methodology may not be applied to very unstable foams.
The experimental conﬁgurations that have been used previously to indirectly measure s values are based either on
steady state microscale foam/ﬁlm systems [22,34] or in large scale
spatial-temporal homogeneous foam systems [40]. In the above
systems, many complexities met in the present study (i.e. bubbles coarsening and coalescence, non-uniform liquid fraction) are
technically excluded (i.e. forced drainage in large scale experiments or maintaining constant ﬂow rates and PB geometry at
micro-scale experiments). It must be reminded that the original L–L
model describes the interstitial ﬂow and drainage in a stationary or
moving foam of non-growing bubbles for steady state conditions.
However, the fact that the s values of the present study are in
agreement with literature values implies that the L–L model may
be useful to predict the drainage rate also in moderately stable foam
systems where bubble size varies with time.

5. Conclusions
In this study we examine the effect of varying surfactant concentrations below the CMC on the free drainage of moderately
stable foams. In such systems high drainage rates are combined
with intense bubbles coarsening and coalescence.
Larger surfactant concentrations result to dryer foams, with a
more packed structure. Concerning the drainage process, the successful ﬁtting of a sigmoid equation on the drainage data reveals
a maximum value on the drainage rate proﬁles. This maximum
value is the result of the combining effect between the bubbles
size increase (due to bubbles coalescence), liquid fraction reduction and ﬂow resistance inside the PBs (expressed by the shear
viscosity values of the surfactant solution). As the surfactant concentration increases, the maximum value decreases and appears
at larger times. This behavior indicates that more stable foams are
formed as the foam gets dryer. Apart from it, our data present an
accelerating bubble growth with time which is ascribed to coalescence superposition to coarsening.
Experimental evidence shows that coarsening and coalescence
rates increase at high surfactant concentrations (2000 ppm) where
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the foam is more stable. This appears strange at ﬁrst glance, but
one needs to consider that at such high surfactant concentrations
not only the PB walls become more rigid and oppose drainage but
also the curvature of interstitial ﬁlms gets higher due to the much
smaller bubbles size and this favors coarsening and coalescence.
Apparently, the observed foam stability at high surfactant concentration is dictated by the slow ﬂow in the PBs and not by coarsening
and coalescence.
There is a time shift, tr , between the global and local liquid
fraction measurements which corresponds to a delay for the propagation of liquid from the top to the bottom of the foam. This allows
an effective propagation velocity of the liquid to be deﬁned as
an engineering approximation of a characteristic draining velocity
along the foam.
A modiﬁed Leonard and Lemlich [53] has been suggested to
relate global measurements of liquid fraction with foam characteristics. Although the proposed L–L model is valid only under certain
assumptions it is found to provide realistic approximations for the
examined systems. If conﬁrmed by further work, this model may be
useful to ﬁeld engineers and technologists who do not have access
to tedious numerical calculations or even to scientists asking for a
ﬁrst indication of foam performance.
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