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Evolving size distributions of bubbles in a foam undergoing simultaneous drainage, coalescence and
ripening.

tion evolution in a draining foam.
• The distributions follow a log-normal
shape with evolving parameters.
• Inverse population balance problem
for coalescence and/or ripening rates.
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a b s t r a c t
Modeling foam drainage is an important step in understanding foam stability properties. There is a two
way coupling between foam drainage dynamics and bubble size evolution. The bubble size evolution is
determined in the general case by two processes: ripening and coalescence. The ripening problem modeling is relatively easy and it has been extensively studied. The coalescence problem is very complex and its
modeling attempts are limited. The most sophisticated studies are based on the statistics of bubble ﬁlms
leading to the evolution of the average bubble size. Here an alternative approach to indirect modeling of
the coalescence process is attempted. Experimental results of the evolution of bubble size distribution in
free draining foams are registered. Then the so called inverse population balance approach is invoked to
estimate the coalescence and ripening rates leading to the experimental bubble size evolution. Several
surfactant concentrations are employed to yield foams of varying stability. It is shown that the experimental bubble size distributions can be adequately described in all cases by a log-normal distribution.
This simpliﬁes vastly the inverse problem solution since approximate methods can now be used for the
solution of the population balance equation.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
The appearance of foams in many practical applications, e.g.,
in foods, detergents, cosmetics and mineral separations, motivated an extensive scientiﬁc study of their properties. Foams are
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a b s t r a c t

structured gas/liquid ﬂuids in which gas bubbles are separated
by liquid layers that can be relatively thick (wet foams) or thin
(dry foams). Foams are destabilized through various mechanisms.
Drainage is a major foam destabilization mechanism referring to
the ﬂow of liquid relative to bubbles driven by gravity and capillary forces [1]. In addition, foams destabilize because bubble size
increases with time. This is attributed to two mechanisms. The
ﬁrst one refers to diffusion of gas across ﬁlms from small bubbles (high pressure) to large bubbles (low pressure) known as
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foam coarsening or disproportionation or Ostwald ripening. The
term ripening will be used to describe this mechanism henceforth. The second one refers to destabilization of ﬁlms between
neighboring bubbles as they get thinner and become unstable and
break; this is known as bubble coalescence. Bubble size distribution affects the capillary pressure and the cross section of ﬂow
channels (known as Plateau borders) so it affects the drainage rate
[2].
There are several modeling attempts of the drainage process in
literature having different degree of sophistication. Typically, bubble radius is considered as an input parameter for these models.
An alternative approach is to simultaneously model drainage and
coalescence processes. Direct modeling of the coalescence process
is extremely cumbersome because it not only alters the topology
of the two coalescing bubbles but also changes the topology of
all adjacent bubbles [3]. In addition, the number of bubbles in a
real foam is too large for a detailed treatment. Instead, a homogenization approach is followed. The foam is considered to have
a homogeneous structure with its differential element to include
many bubbles (a modeling approach very common in the study of
porous media) [4]. In this respect, a dynamic model for the evolution of bubble size distribution is needed. Development of such
a model has been presented in detail in [5,6]. The model is based
on the thinning and rupture dynamics of the intrabubble ﬁlms and
it is based on an assumed initial distribution of the thickness of
thin ﬁlms. The approach predicts the evolution of the thickness
distribution of the ﬁlms through the appropriate population balance. Unfortunately, the ﬁlm thickness distribution is not related
to the bubble size distribution further to the relation between total
ﬁlm number and average bubble size. Unlike the coalescence case,
the modeling approach of ripening is well-established. The model
is typically use to extract parameters as the average ﬁlm thickness from the experimental data. In those works the coalescence is
avoided by using large amount of surfactant. The idea here is to use
small quantities of surfactant to allow coalescence.
A different modeling formulation is used here in the sense of
the so-called inverse population balance problem. The evolution of
bubble size distribution is described by the coagulation-ripening
population balance. The coagulation (coalescence) kernel function
and the ripening parameter are estimated by matching modeled
and experimental local bubble size evolution. Such a model can be
used to describe the evolution of the local bubble size distribution
in a distributed foam drainage model.
The structure of the present work is the following: At ﬁrst,
the experimental procedure of measuring bubble size distributions
during foam drainage is described and the evolving distributions
are presented. The equations used to ﬁt the distributions and their
handling is discussed next. Then the inverse population balance
is formulated and it is reduced to a simpler one dealing only
with average bubble volume and size distribution dispersivity.
Finally, inversion procedures based on two different scenarios are
attempted.

Table 1
Initial liquid volume fraction and average bubble size of the freshly-produced foam.
ppm

300

600

1000

2000

Initial volume fraction
Average bubble size (m)

0.145
405

0.131
385

0.128
353

0.116
240

Dowfroth-250, Dowfroth-400 and SDS) and various concentrations
of surfactants (below the CMC) on foam lifetime is studied in [9].
It is showed that foam stability is controlled not only by the liquid drainage process, which is a function of surface shear viscosity,
s, but also by the ﬁlm rupture process which is a function of other
interfacial properties (e.g. surface dilatational viscosity of adsorbed
layers). Furthermore, they showed that the ability of surfactants to
prevent bubble coalescence increases as surfactant concentration
increases approaching CMC, resulting to smaller bubbles. Nevertheless a more quantitative treatment of the observed coalescence
process has not been attempted in the past.
A small amount of NaCl (4 × 10−3 M corresponding to Debye
screening length of 4.8 nm) is added to the deionized water to yield
the ionic strength that is met in applications where foams are produced from fresh (mineral) water. This is such a small amount so
as to avoid the fouling problems created by calcium and magnesium salts. This small concentration of salt does not affect interfacial
properties. The concentrations of SDS used here are relatively small
in order to permit measurable coalescence rates. In foam literature, much higher SDS concentrations are typically used in order
to prevent coalescence and study alone the drainage or coarsening
processes [10].
Foams are prepared by whipping air into 200 ml of the SDS solution using a stand mixer (POWER PLUS, Izzy) for 10 min. This intense
production method, apart from being technologically more realistic than the bubbling method (e.g. in terms of polydispersity),
allows also creating large volumes of initially uniform and homogeneous foam columns [11,12]. The initial liquid volume fraction and
average bubble size of the freshly-produced foam are presented in
Table 1. Part of the produced foam is immediately decanted to ﬁll a
Plexiglas cylindrical test container up to its top and is then allowed
to drain freely. Ambient temperature during drainage is maintained
at 30 ± 1 ◦ C. The Plexiglas test container has 7 cm internal diameter
and 26 cm height. A schematic layout of the experimental conﬁguration is presented in Fig. 1.

2. Experimental part
2.1. Foam preparation
Experiments are performed with deionized water and sodium
dodecyl sulfate (SDS; Fluka) surfactant solution. Four concentrations of SDS (300, 600, 1000 and 2000 ppm) are employed which
are below the reported CMC value at 30 ◦ C (∼2500 ppm [7]).
SDS is known to produce foams unstable with respect to coalescence [8]. Study of the inﬂuence of below the CMC surfactant
concentrations on foam stability and bubble sizes is very limited in literature. Speciﬁcally, the effect of different types (i.e.

Fig. 1. Schematic layout of the experimental setup.
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Fig. 2. Typical volume fraction evolution curve based on electrical conductance
measurement (SDS concentration: 1000 ppm).

2.2. Local liquid hold-up measurements
Local liquid hold up is measured by an electrical conductance
technique. Details of the technique can be found elsewhere [11].
The conductance gauge consists of two parallel stainless-steel rings
(3 mm wide, 3 cm apart). The lowest ring is placed 5 cm from the
bottom of the Plexiglas test container. The selection of the pair
rings is such that their separation distance is large enough to average bubble size undulations yet small enough to preserve the local
character of measurements. The electric conductance evolution signal is transformed to evolution of local liquid hold-up curve  as
described in [11]. Typical electrical conductance data are shown
in Fig. 2. The time that electrical conductance measurements are
interrupted due to foam retrieval (collapse) at the measuring spot
of the foam column depends on the SDS concentration (i.e. 400, 600
and 850 s for 300, 600 and 1000 ppm respectively; for the 2000 ppm
foam no collapse is observed at the measuring spot but the foam
volume decreases indicating collapse at higher heights).
2.3. Close-up photos at the wall
High resolution close-up photographs of the foam are taken at
regular time intervals (1 min) at a position located between the parallel conductance rings, using a still camera (SONY DSC-F717 Cyber
shot 5 MP). Bubble sizes and bubble size distribution are determined from the images using custom made software based on a
template matching technique which is capable of analyzing densely
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dispersed spherical bubbles in digital images [13]. The software
selects only sharp focus/clear edge bubbles from the population
of each image for the analysis. The selected bubbles span evenly
across images and always include above 80% of the entire population. Fig. 3 presents foam images during foam destabilization
for a typical SDS concentration (2000 ppm). The software results
are cross-checked against manual digitization using a commercial
software (Image-Pro Plus).
It is recognized that bubble distributions measured photographically at the wall may be different form the bubble size distribution
in the bulk of the foam because the plane of view discriminates statistically against the inclusion of small bubbles. On the other hand,
small bubbles are topologically favored near the curved wall due to
bubble segregation. An algebraic treatment has been proposed to
correct this statistical bias but errors such as bubble distortion and
bubble segregation are tacitly ignored in most studies [14]. Typical
bubbles diameter distributions for every SDS solution employed in
this study are presented in Fig. 4 as continuous probability density
functions (pdf). Bubble diameter, d, is deﬁned as the ratio between
the area and the perimeter of each bubble as recorded by the image
analysis software, multiplied by 4. The above deﬁnition is important as the bubble shape deviates from the spherical shape when
the foam gets drier. There is an issue here regarding the identity of
the observed bubbles. Bubbles slide upwards during drainage so a
Lagrangian recording of its size evolution would be better. Nevertheless, the motion is slow and the hold up variation at the distances
corresponding to this motion is small so Eulerian recording of bubble size distribution can be considered a reasonable approximation.
3. Evolving distribution representation
The equation used to ﬁt the discrete bubble sizes experimental
data is the following probability density function (pdf)



1
−(ln(d) − )
exp
P(d) = √
2s2
2sd



(1)

where  and s are ﬁtting parameters. A commercial software (EasyFit 5.5 Professional) is used to ﬁt the experimental data on a
log-normal distribution. The comparison between the experimental data and the ﬁtted curves (Fig. 5) reveals that the log-normal
distribution satisfactory describes the bubble size distribution. The
function P(d) has units of inverse length and it is constructed to
have its integral over d equal to unity. The parameter s is a measure
of the spread of the function. The median diameter dm and the average diameter dave can be found by using the lognormal distribution
properties as
dm = e
dave = dm e

(2a)
s2 /2

=e

+s2 /2

(2b)

The above probability density function can be transformed to the
number density bubble size distribution fd (d) (units: #/m4 ) by

Fig. 3. Foam images during foam destabilization for SDS concentration equal to 2000 ppm.
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Fig. 4. Bubble diameter distributions for typical instances during foam drainage obtained for every surfactant (SDS) concentration of this study; (a) 300 ppm, (b) 600 ppm,
(c) 1000 ppm, (d) 2000 ppm.

simply multiplying with the bubble number density N (units:#/m3 )
i.e. fd (d) = NP(d). The obtained two-dimensional images do not allow
direct computation of N so this is computed employing the physical constraint that bubbles occupy all the physical space that

corresponds to the gas phase (the implied assumption is that
bubbles not detected by image processing follow the same size distribution with the detected ones). Mathematically this is expressed
as N = (1 − ϕ)/xave where ϕ is the instantaneous hold up and xave the
average bubble volume. In order to proceed, a relation between
bubble volume and bubble diameter is needed. In case of relatively wet foams (mainly considered here) the bubble shape can
be assumed spherical so the average volume is computed from the
following relation

xave


=
6

∞
d3 P(d)dd =

 3 9s2 /2
d e
6 m

(3)

0

It is noted that xave is different than the one given by the naive direct
relation
 3
xave = dave
(4)
6
The correct relation between average volume and average diameter
can be found by combing the relations shown above to
xave =

Fig. 5. Typical ﬁtting of experimentally determined bubble size distributions (histograms) by log-normal distribution (continuous lines). Surfactant concentration
2000 ppm, time 0 s and 720 s, respectively.

 3 3s2
d e
6 ave

(5)

It is obvious that as the spread of the distribution increases the
error involved in using the direct relation (4) increases. Coalescence and ripening are volume conserving processes so the proper
independent variable in order to describe the evolution of bubble
size distribution is bubble volume x = d3 /6. The diameter based
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increase in the measured size distributions is much larger (up to
100%) so the contribution of the hold up evolution to the bubble
size growth can be ignored. In that case the gas fraction is assumed
to be constant in time and equal to 1 − ϕ(0).

0.4

4.1. Coalescence
ηF(η)

The evolution of bubble size distribution during coalescence
assuming spherical bubbles is described mathematically from the
following form of population balance [16].

0.3

∂f (x, t)
1
=
2
∂t

0.2

x
K(y, x − y)f (y, t)f (x − y, t)dy
0

∞

0.1

− f (x, t)

K(x, y)f (y, t)dy

(8)

0

0
0.01

0.1

η

1

10

Fig. 6. Experimentally measured evolution of bubble size distribution in self-similar
coordinates for 2000 ppm SDS concentration ( = x/xave ). The distribution is narrow at the beginning and broadens as time elapses. The time period between two
measurements is 120 min.

distribution fd (d) is transformed to the volume based distribution
f(x) (units:#/m6 ) by using the relation f(x)dx = fd (d)dd (the particle
number is independent from the variable that characterizes them)
which leads to:
f (x) = fd (d)

dd
dx

(6)

After some algebra the following expression is taken:



N
−(ln2 (x/xm ))
exp
f (x) = √
2
2x



(7)

where  is the so called dispersivity of the distribution and it is
used extensively for the characterization of particle size distributions in aerosol science and technology [15]. The relation between
 and s is  = 9s2 . The parameter xm is the median bubble volume
3 /6. A convenient way to present evolving particle size disxm = dm
tribution is to use the so called self-similarity coordinate  = x/xave
and to construct the function F() = xave f/N. The function F has both
the zero and ﬁrst moment equal to unity by construction (its average value is also equal to unity). This allows decomposition of the
evolution of bubble distribution to average volume evolution as
it is expressed by xave , and to distribution shape evolution as it is
expressed by the function F. The function F for the bubble size distribution of the present work is shown in Fig. 6. The spread of the
function F renders necessary the use of logarithmic scale for the
horizontal axis. In order to preserve the integral properties of the
distribution the function F() is actually shown. It is noted here
that there is one to one correspondence between the function F and
the dispersivity .
4. Population balance problem formulation
Although the occurring processes are strictly volume conserving, the evolving distribution presented here does not conserve
volume. This is due to the evolution of the liquid hold up during
drainage. The total bubble volume (gas volume fraction) is proportional to 1 − ϕ(t) thus, increases in time. A simple calculation
for the hold up evolution of the present experiments shows that it
corresponds to a bubble diameter increase up to 4%. The diameter

The above equation is a partial integrodifferential equation and it
is well known as coagulation equation. The ﬁrst term of the right
hand side stands for the appearance of new bubbles due to coalescence between smaller bubbles and the second term stands for
the disappearance of bubbles due to coalescence with other bubbles. The function K(x, y) (units: m3 /s) is the so-called coalescence
kernel, i.e., the frequency of coalescence events between two bubbles with volumes x and y respectively. The above equation must
be solved for a given initial bubble size distribution f(x, 0) = fo (x) to
give the evolution of the distribution. Analytical solutions for the
above equation exist only for some simple forms of the kernel and
speciﬁc shapes of the initial size distribution [17]. In the general
case, the equation must be solved numerically. Its numerical solution is not trivial due to its non-linearity and the broad range of
deﬁnition domain so the usual discretization techniques fail and
specialized methods must be used [18]. A characteristic feature
of the coagulation equation is that it admits self-similar solutions
in the special case of homogeneous kernel (i.e. having the property (K(ax, ay) = ah K(x, y)) where h is the homogeneity index [19].
The term self-similar solution implies the existence of a normalization of f(x, t) (like the function F discussed above) which converges
to a time invariant shape after some initial evolution. This time
invariant shape depends only on the kernel K(x, y).
4.2. Ripening
The evolution of a bubble size distribution undergoing ripening
is given by a growth-dissolution population balance developed in
[20]. The growth-dissolution kernel is derived by Lemlich [21]. The
handling of the ripening phenomenon is always made in terms of
diameter based distribution fd (d). The governing equation is



∂fd (d, t)
∂
+ A
∂t
∂d



∞

0



∞

d2 fd (d, t)dd −

dfd (d, t)dd/
0

1
d



fd (d, t)

=0

(9)

where the parameter A has units of length squared and it is proportional to surface tension, gas solubility, gas-in-liquid diffusivity
and inversely proportional to ﬁlm thickness. The above equations
admit no analytical solution but there is a large time asymptotic
self-similar solution [22]. The self-similarity variable in this case is
w = d/d21 where d21 is the average diameter given from the ratio
of the second to ﬁrst moment of the size distribution function.
It is noted that the self-similarity solution is proportional to w
at the limit w → 0 which means that the corresponding volumebased distribution f(x, t) exhibits a singularity of order −2/3 at x → 0
(which explains the treatment of ripening in terms of diameterbased distribution functions). Based on the present experimental
results here the interest is on volume-based size distribution so
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the combined coalescence-ripening population balance is derived
as:



∂
∂f (x, t)
x2/3
+A
∂t
∂x

=

1
2

x



M1/3
M2/3

−

1
x1/3





f (x, t)

∞
K(y, x − y)f (y, t)f (x − y, t)dy − f (x, t)

0

K(x, y)f (y, t)dy
0

(10)
where A is A multiplied by a geometry correction factor and M1/3
and M2/3 are the moments of f(x, t) of order 1/3 and 2/3 respectively.
It is noticed that K depends on ﬁlm stability and A depends on ﬁlm
thickness so both depend on the evolving liquid hold up.
5. Inverse problem
The above discussion refers to the direct population balance
problem (i.e. ﬁnd f(x, t) for given K(x, y), A and fo (x)). However the
present situation involves the so-called inverse population balance
problem i.e. to ﬁnd K(x, y) and A for given f(x, t). The required information is too much for the amount of given experimental data so a
priori assumptions are needed. Two set of assumptions will be considered here. The ﬁrst one is the absence of ripening phenomenon
(i.e. A = 0). The problem is treated as an inverse coagulation problem. The second set considers both coalescence and ripening with
a speciﬁc form of the coalescence kernel.

f(x, t) and after mathematical manipulation Eq. (8) is transformed
to a system of ordinary differential equations for the parameters
of the assumed shape. The log-normal [29], Gamma and Weibull
[30] distributions have been used by this method in the past. All
these distributions have been shown to reasonably approximate
the solution of the population balance.
Before applying the moment method, a choice of the shape of
the unknown kernel K(ϕ, x, y) is required. It is noted that a fairly
general choice is the following (accounting for the symmetry of the
kernel with respect to x and to y):
z

(11)

i=1

where the ϕ dependence has been transferred to the parameters
k, ˛i , ˇi . The above kernel includes most of the physical kernels as
those induced by Brownian motion in continuum regime and by
turbulent and shear ﬂows. The degrees of freedom of the inverse
problem are just two ( and xave ) so the candidate kernel is better to have only two unknown parameters and the ﬁnal choice is
(showing explicitly the ϕ dependence):
K(ϕ, x, y) = k(ϕ)(xq(ϕ) + yq(ϕ) )

(12)

The reason that we choose to zero one of the two exponents in (11)
instead of considering them equal is that this second alternative
leads to a product type kernel and to the effect of gelation [31]
which is not relevant to the present work.
The moments of the bubble size distribution are deﬁned as (i = 0,
1, 2, 3. . ..)

∞

5.1. Coalescence
This problem is ill-posed and it is not solvable in principle. Only
by major reduction of the solution space and by applying suitable
constraints an approximate solution is possible. The literature work
on the subject is restricted to cases of existence of self-similarity.
The original proposed inversion techniques for coagulation [23] and
for breakage [24] are very cumbersome requiring a great amount
of computations. An alternative computational simple technique
for the breakage inverse problem has been proposed in [25]. Kostoglou and Karabelas [26] showed that even in case of existence
of self-similarity the inverse problem is ill-posed and additional
information based on the physics of the process is needed to deﬁne
the space of candidate kernels. Recently [27] reviewed thoroughly
the inversion techniques for the breakage problem and found that
the technique of [25] gives the same results with that of [24] with
orders of magnitude less computational effort.
The above techniques cannot be used in the present problem
where no self-similarity appears. An additional complexity here is
that the kernel functions is not even constant in time. As liquid hold
up decreases, it may have an inﬂuence on the stability of the ﬁlms
between bubbles and thus on the coalescence rate. So the kernel
depends also on liquid hold up in an unknown way and it can be
written as K(ϕ, x, y). The dependence on ϕ(t) renders Eq. (8) nonautonomous since an external time dependence appears through ϕ.
The solution of the inverse problem using conventional approaches
seems impossible at this point.
A quite different way will be followed strictly based on the lognormal shape of the experimental bubble size distributions. The
decomposition of f(x, t) to xave and to F discussed above and the one
to one correspondence between F and  suggests that the experimental f(x, t) can be completely described by two functions of time
i.e. xave (t) and (t). The idea is to try to transform Eq. (8) to a system of equations for xave and  in order to simplify the inverse
problem. This can be done by employing the so-called method of
moments for the approximate solution of the population balance
equation [28]. According to the method a ﬁxed shape is assumed for

(x˛i yˇi + y˛i xˇi )

K(x, y) = k

xi f (x, t)dx

Mi =

(13)

0

Multiplying Eq. (8) by xi and integrating for x from zero to inﬁnity
leads after some algebra to:
dMi
1
=
2
dt

∞ ∞
((x + y)i − xi − yi )K(x, y)f (x, t)f (y, t)dy
0

(14)

0

Substitution of the kernel (12) and performing the algebra for
i = 0, 1, 2 leads to
dM0
= −kMq M0
dt

(15a)

dM1
=0
dt

(15b)

dM2
= 2kMq+1 M1
dt

(15c)

The second equation is the volume conservation statement.
The moment M1 is the gas fraction in the foam which is given
as M1 = 1 − ϕ(0). The moment M0 is just the bubble number density N. The above system is not closed and it cannot be solved
without assuming a speciﬁc relation between the moments. By
assuming the bubble size distribution to be of log-normal shape
such a relation is available. In particular, the moments of a log
normal distribution are related as follows:



Mi = M1i M01−i exp

(i2 − i)

2



(16)

Combining the above relation to the system (15) and after some
algebraic manipulations (see Appendix) the following system of
ordinary differential equations for xave and  is derived:
dxave
q
= M1 kxave exp
dt



(q2 − q)

2



(17a)
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d
q−1
= M1 kxave 2 exp
dt



(q2 + q − 2)

2




− exp

(q2 − q)

2


(17b)

The inverse population balance problem is degenerated to the following simpler problem: To ﬁnd the functions k(ϕ) and q(ϕ) which
after substitution of the experimental ϕ(t) and integration of the
system of Eq. (17) leads to xave and  evolution similar to the experimental one. The problem is still an inverse problem at this stage
and its solution is not trivial. Fortunately, further simpliﬁcation is
possible by decomposing the two equations-two unknowns problem to two equations-one unknown problem that can be solved
sequentially. Division of Eq. (17b) by Eq. (17a) leads to
d
2e(q−1) − 1
=
xave
dxave

(18)

The above equation is solved for q to give:
q=



1
1
ln

2

xave

d
+1
dxave



+1

(19)

Eq. (17a) is solved for k to give:
dxave
k=
exp
k M
xave
1 dt
1



(q − q2 )

2


(20)

81

t. Assuming a coalescence kernel of the form K(x, y) = k(ϕ)(1/x + 1/y)
leads to the fulﬁllment of the above condition (i.e. a bubble shrinks
with a rate proportional to 1/x1/3 but coalesces with a rate proportional to 1/x so it coalesces before it disappears). The moments
method for the particular coalescence kernel can be applied to Eq.
(10) to give:
dM0
= −kM−1 M0
dt

(21a)

dM1
=0
dt

(21b)

dM2
= 2kM0 M1 + 2A
dt



M5/3 M1/3
M2/3


− M4/3

(21c)

As in the case of coalescence alone, the system (21) is transformed
to a system for xave and  (assuming that M1 = 1 − ϕ(0)):
dxave
−1 
= M1 kxave
e
dt

(22a)

d
−2/3
−2
(2e− − e ) + 2Axave (e−4/9 − e−7/9 )
= M1 kxave
dt

(22b)

The functions k and A can be found sequentially from the equations
2
1 dxave
e−
2M1 dt

The above equations overcome the inversion requirement since
they explicit relate the unknown functions to the experimental
data. From the experimental data the curve (xave ) can be constructed and differentiated to ﬁnd the value of q at the instants
of measurements. Then the k values at the same instants can be
found by differentiating xave (t) curve and using Eq. (20). Having
the value of ϕ from the experimental ϕ(t) curves at the speciﬁc
instants, triplets of values q, k, ϕ can be found leading – after using
an interpolation procedure – to the function q(ϕ) and k(ϕ).

k=

5.2. Coalescence-ripening

The above procedure is applied for the determination of the
functions q(ϕ) and k(ϕ). In the case of 300 ppm SDS, the foam is very
unstable and collapses before a signiﬁcant extent of coalescence
takes place (at least at the height (plane) of measurements) so this
case is not analyzed here. The experimental curves of  versus xave
used to calculate the exponent q are shown in Fig. 7. It is interesting
that the curves seem to consist of two straight lines: a ﬁrst one with
large slope and a second one with a smaller slope. The derivatives
d/dxave and dxave /dt are computed by using central second order
ﬁnite differences. At the two edges one side second order ﬁnite differences are used. The values of q seem to follow a speciﬁc pattern
so they are presented in Fig. 8. The function q takes small values
for the initial very wet foams and increases as the foam drains and
becomes dryer. It can be said that for dry foams the coalescence frequency is almost proportional to bubble volume. On the other hand,
the resulting function k is noisy with large variations so it does not
appear physically acceptable. Another problem is that although the
proposed procedure yields a qualitative result on the nature of the
functions q and k, the reproduction of the experimental distribution
is not guaranteed by using these results. If the scope is the reproduction of the experimental results the system of Eq. (17) must be
directly employed.
Despite the reduction of the original population balance problem to a much simpler one, the increase of degrees of freedom
introduced by having a time dependent state variable like ϕ renders
again the problem ill-posed. This means that multiplicity of pairs of
k and q leads to the same ﬁtting quality and that there is a very high
sensitivity to the experimental data. At this stage some constraints
are needed. Speciﬁcally, it is decided to accept the reasonable values of q found using Eq. (18) and to modify the values of k in order
for the system (17) to approach the experimental data. A linear
interpolation in time is made between discrete values for q and k in

The opposite extreme to the case of no ripening is the case of no
coalescence. The inverse ripening problem is relatively easy since
only the evolution of parameter A has to be found. The absence
of coalescence is typically achieved by adding large quantities of
surfactant [14,32,33]. The difference in the present work is that
coalescence cannot be ignored as it is evidenced from the collapse
of the foams. In addition, the evolving size distributions can be
described by log-normal shapes which are not compatible to the
ripening phenomenon. Bubble size distributions during ripening
have been described by several types of functions [14] with several
forms at the limit d → 0. Nevertheless, an observation of the primary data in literature [14,32] implies lack of bubbles close to zero
size. This is not compatible to the ripening dynamics. Apparently,
this lack may be due to the low resolution of the optical technique
for small bubbles. A different scenario is adopted here. Small bubbles disappear due to coalescence and not due to ripening. This
is compatible to the ﬁlm stability theory according to which rupture is faster for ﬁlms with smaller area [4]. At a ﬁrst glance, the
mechanism of small bubble disappearance emerges only as a philosophical question. However, from the modeling point of view it is
of paramount importance since adoption of an appropriate coalescence mechanism of small bubble coalescence eliminates the
singularity of f(x, t) at x → 0 and allows a log-normal distribution
representation of the solution of population balance Eq. (10).
A direct application of the method of moments for Eq. (10) is
not possible because terms including f(x = 0, t) appear. A detailed
study on the subject for the dissolution population balance can be
found in [34] where it was proved that the previous application of
moments method in that equation in [35] was wrong. The condition
for application of the moments method is that f(x = 0, t) = 0 for each

2A =

−2
(2e− − e )
(d/dt) − M1 kxave
−2/3

xave (e−4/9 − e−7/9 )

(23)

(24)

6. Parameter estimation
6.1. Coalescence
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order to solve the system using the Runge–Kutta method. The discrete values of k are chosen such as to ﬁt the modeled values of 
and xave to the experimental ones. The comparison between model
and experimental evolution curves is shown in Fig. 9. The result is
very good considering the complexity of the inverse problem and
the uncertainty of the experimental data. However, the behavior of
the functions k is still physically unacceptable and it cannot be considered that it expresses the physical situation unlike the function q.
Nevertheless it admits the reproduction of the experimental evolution curves. The outcome here is that starting from an inappropriate
assumption the inverse problem can lead to a model representing
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Fig. 7. Experimental dispersivity  vs average bubble volume xave curve.
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Fig. 8. Comparison between experimental and model-predicted evolution of dispersivity  and average bubble volume xave .

Fig. 9. Relation between coalescence kernel exponent and liquid hold-up derived
from Eq. (17).

the experimental data but at the cost of unphysical form of the
corresponding functions and parameters (not physically accepted
model).

6.2. Coalescence-ripening
The inversion procedure in this case is much simpler because the
sensitivity introduced by the variation of the exponent q is absent.
The average k in the interval ti to ti+1 is computed ﬁrst (Eq. (23)) by
using ﬁrst order ﬁnite difference evaluation of the time derivative
and using the interval average values of the experimentally measured quantities. The average A values are computed in the same
way using the Eq. (24) and the already found k values. Finally, k
and A values are plotted versus corresponding interval average ϕ
values. The coalescence rate constant k as a function of the holdup
is presented in Fig. 10. The observed behavior appears reasonable
from the physical point of view. Coalescence increases as the liquid holdup decreases as it is expected. The extracted coalescence
rate appears to be smaller for the 2000 ppm case and almost the
same for the other two surfactant concentrations which is also a
reasonable behavior.
The dependence of the extracted ripening parameter A on liquid hold-up is shown in Fig. 11. The physical assessment is not
so good here since there is scatter in the results and a crossing
between the curves for 1000 and 600 ppm of surfactant. The scale
of A is similar to the one given in literature for non-coalescing foams
[33]. The general trend of increasing A as ϕ decreases is as expected
but the rate of decrease is much larger than the one observed for
non-coalescing foams (i.e. inversely proportional to square root
of hold-up [33]). This may be explained if one considers that in
unstable, with respect to coalescence, foams ﬁlm thinning dynamics reduce ﬁlm thickness with time (in addition to the reduction due
to a hold-up decrease) and leads to an apparent higher dependence
of A on ϕ. A better a priori assumption leads to the reproduction of
the experimental results with more physically reasonable parameters but it is reminded that the ﬁnal result is as close to reality as
close to reality is the a priori assumption on which the model is
based.
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15

ripening but they coalesce before they disappear due to ripening. Film thinning which leads to coalescence enhances also the
ripening rate leading to a higher ripening rate – liquid hold up
dependence than the corresponding dependence one for a noncoalescing foam.

10

14

Acknowledgments

6

k (μm /s)

10

10

This work was performed under the umbrella of COST Actions
MP1106 and CM1101 and the European Space Agency funded
programs: FASES (Fundamental and Applied Studies of Emulsion
Stability): CCN05 14291/00/NL/SH, CCN06 14291/00/NL/SH and
PASTA (PArticle STAbilized Emulsions and Foams): ESA AO-20090813.

600 ppm

13

1000 ppm

Appendix.

2000 ppm

Derivation of Eq. (17)
It is noted that xave = M1 /M0 and  = ln(M2/ (M1 M0 )) = ln(M2 /xave ).
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 = ln

M2
xave

⇒

d xave 1
dM2
dxave
xave
=
− M2
2
dt M2 xave
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4

=2

600 ppm

Mq+1 M1
q−1
− M1 xave exp
M2



(q2 − q)

2

(13c),(15a) d



−→

dt
(A1)

4

Employing Eq. (16) leads to
2 10

1−q

Substituting xave = M1 /M0 and Mq = M1 M0 exp(((q2 − q)/2)) in
Eq. (15a), differentiate and performing the algebra results in Eq.
(17a).
The derivation of Eq. (17b) is more cumbersome:

Mq+1 M1
q 1−q
= M1 M0 exp
M2

4

1000 ppm

2

2A (μm )





1.5 10

4

1 10

4

q−1

= M1 xave exp

 

(q + 1)2 − (q + 1)
−1 
2

q2 + q − 2

2


(A2)

Substitution of Eq. (A2) in Eq. (A1) and performing some algebra
leads to Eq. (17b).
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7. Conclusions
Experiments on recording bubble size distribution evolution in
foams undergoing simultaneously drainage, ripening and coalescence were performed. The recorded distributions are successfully
ﬁtted by log-normal curves. A population balance equation is developed to account for the simultaneous phenomena of coalescence
and ripening. Based on the log-normal shape of the experimental bubble size distributions two different scenarios are considered
that permits log-normal shape solutions to the population balance.
The ﬁrst scenario is based on the negligence of the ripening process and the second on the assumption of a speciﬁc form of the
coagulation kernel. The inverse population balance is solved for
both scenarios leading to more physically reasonable parameters
for the second one. It appears that small bubbles reduce their size by

[1] S.A. Koehler, H.A. Stone, M.P. Brenner, J. Eggers, Dynamics of foam drainage,
Phys. Rev. E 58 (1998) 2097–2106.
[2] D. Weaire, S. Hutzler, The Physics of Foams, Oxford University Press, Oxford,
2001.
[3] A.V. Nguyen, H.J. Schulze, Colloidal Science of Flotation, Marcel Dekker, New
York, 2004.
[4] A. Bhakta, E. Ruckestein, Drainage and collapse in standing foams, in: S.
Hartland (Ed.), Surface and Interfacial Tension: Measurement, Theory and
Applications, Marcel Dekker, New York, 2004.
[5] G. Narsimhan, E. Ruckenstein, Structure, drainage and coalescence of foams and
concentrated emulsions, in: R.K. Prudhomme, S.A. Khan (Eds.), Foams: Theory,
Measurements and Applications, Marcel Dekker, New York, 1995.
[6] A. Bhakta, E. Ruckestein, Decay of standing foams: drainage, coalescence and
collapse, Adv. Colloid Interface Sci. 70 (1997) 1–124.
[7] S.S. Shah, N.U. Jamroz, Q.M. Sharif, Micellization parameters and electrostatic
interactions in micellar solution of sodium dodecyl sulfate (SDS) at different
temperatures, Colloids Surf. A: Phys. Eng. Asp. 178 (2001) 199–206.
[8] E. Mileva, P. Tchoukov, Surfactant nanostructures in foam ﬁlms, in: T.F. Tardos
(Ed.), Colloid Stability: The Role of Surface Forces, Part I, Wiley, Weiheim, 2007.
[9] P.A. Harvey, A.V. Nguyen, G.J. Jameson, G.M. Evans, Inﬂuence of sodium dodecyl sulphate and Dowfroth frothers on froth stability, Miner. Eng. 18 (2005)
311–315.
[10] N. Isert, G. Maret, C.M. Aegerter, Coarsening dynamics of three dimensional
levitated foams: from wet to dry, Eur. Phys. J. E 36 (2013) 116.
[11] T.D. Karapantsios, M. Papara, On the design of electrical conductance probes
for foam drainage applications. Assessment of ring electrodes performance and
bubble size effects on measurements, Colloids Surf. A: Physicochem. Eng. Asp.
323 (2008) 139–148.
[12] M. Papara, X. Zabulis, T.D. Karapantsios, Container effects on the free drainage
of wet foams, Chem. Eng. Sci. 64 (2009) 1404–1415.

84

M. Kostoglou et al. / Colloids and Surfaces A: Physicochem. Eng. Aspects 473 (2015) 75–84

[13] X. Zabulis, M. Papara, A. Chatziargyriou, T.D. Karapantsios, Detection of densely
dispersed spherical bubbles in digital images based on a template matching
technique. Application to wet foams, Colloids Surf. A: Physicochem. Eng. Asp.
309 (2007) 96–106.
[14] S.A. Magrabi, B.Z. Dlugogorski, G.J. Jameson, Bubble size distribution and coarsening of aqueous foams, Chem. Eng. Sci. 54 (1999) 4007–4022.
[15] S.K. Friedlander, Smoke Dust and Haze Fundamentals of Aerosol Dynamics, 2nd
ed., Oxford University Press, London, 2000.
[16] M.M.R. Williams, S.K. Loyalka, Aerosol Science: Theory and Practice, Pergamon
Press, New York, 1991.
[17] R.L. Drake, A general mathematical survey of the coagulation equation, in: G.M.
Hidy, J.R. Brock (Eds.), Topics in Current Aerosol Research, vol. III, Pergamon,
Oxford, 1972.
[18] M. Kostoglou, Extended cell average technique for the solution of coagulation
equation, J. Colloid Interface Sci. 306 (2007) 72–81.
[19] D. Ramkrishna, Population Balances: Theory and Application to Particulate Systems in Engineering, Academic Press, San Diego, 2000.
[20] A. Monsalve, R.S. Schechter, The stability of foams. Dependence of observation
on the bubble size distribution, J. Colloid Interface Sci. 97 (1984) 327–335.
[21] R. Lemlich, Prediction of changes in bubble size distribution due to interbubble
gas diffusion in foam, Ind. Eng. Chem. Res. 17 (1978) 89–93.
[22] A.J. Markworth, Comments on foam stability, Ostwald ripening and grain
growth, J. Colloid Interface Sci. 103 (1985) 516–527.
[23] R. Muralidhar, D. Ramkrishna, An inverse problem in agglomeration kinetics, J.
Colloid Interface Sci. 112 (1986) 348–361.
[24] A.N. Sathyagal, D. Ramkrishna, G. Narsimhan, Droplet breakage in stirred dispersions. Breakage functions from experimental drop-size distributions, Chem.
Eng. Sci. 51 (1996) 1377–1391.

[25] M. Kostoglou, A.J. Karabelas, A contribution towards predicting the evolution
of droplet size distribution in ﬂowing dilute liquid/liquid dispersions, Chem.
Eng. Sci. 56 (2001) 4283–4292.
[26] M. Kostoglou, A.J. Karabelas, On the-self similar solution of fragmentation equation: numerical evaluation with implication for the inverse problem, J. Colloid
Interface Sci. 284 (2005) 571–581.
[27] A. Groh, J. Krebs, Improved solution methods for an inverse problem related to
a population balance model in chemical engineering, Inverse Probl. 28 (2012)
085006.
[28] M. Yu, J. Lin, Taylor-expansion moment method for agglomerate coagulation
due to Brownian motion in the entire size regime, J. Aerosol Sci. 40 (2009)
549–562.
[29] S.E. Pratsinis, Simultaneous nucleation, condensation, and coagulation in
aerosol reactors, J. Colloid Interface Sci. 124 (1988) 416.
[30] M.M.R. Williams, On the modiﬁed gamma distribution for representing the
size spectra of coagulating aerosol particles, J. Colloid Interface Sci. 103 (1985)
516–527.
[31] M.H. Ernst, R.M. Ziff, E.M. Hendriks, Coagulation processes with a phase transition, J. Colloid Interface Sci. 97 (1984) 266–277.
[32] S. Tcholakova, Z. Mitrinova, K. Golemanov, N.D. Denkov, M. Vethamuthu, K.P.
Ananthapadmanabhan, Control of Ostwald ripening by using surfactants with
high surface modulus, Langmuir 24 (2011) 14807–14819.
[33] K. Feitosa, D.J. Durian, Gas and liquid transport in steady state aqueous foam,
Eur. Phys. J. E 26 (2008) 309–316.
[34] M. Kostoglou, Mathematical analysis of polymer degradation with chain-end
scission, Chem. Eng. Sci. 55 (2000) 2507–2513.
[35] G. Madras, B.J. McCoy, Time evolution to similarity solutions for polymer degradation, AIChE J. 44 (1998) 647–655.

