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a b s t r a c t
This work studies single bubble–single particle interactions of interest to ﬂotation applications. An experimental device has been developed where a standing bubble is approached at prescribed ﬂow velocity
by an aqueous dispersion of particles – much smaller than the bubble. Two separate high-speed cameras are employed to monitor the bubble surface from two different Cartesian directions allowing thus
a 3D perspective of particles trajectories and collisions with the bubble. A special feature of the device is
that the velocity of the suspension and the size of the bubble can be independently adjusted in a range
of values that corresponds to the ﬂotation process. This paper presents experimental trajectories and
velocities of particles as they approach and ﬂow past a bubble. A theoretical model has been developed
to describe such particle trajectories and velocities. Comparison between experimental observations with
model predictions allows a detailed assessment of governing forces and better understanding of their
contribution to particle–bubble interactions. It is shown that microhydrodynamic drag has a distinct role
in matching experiments with predictions.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
Interaction between solid particles and air bubbles in aqueous
solutions is of academic and practical signiﬁcance. It is a typical
process in nature, but it also plays an important role in several
industrial applications. Flotation is one of these applications in
which bubble–particle interactions constitute a key process; ﬂotation is a separation method used in the recovery of coal and valuable
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minerals from ores [1], in the removal of pollutants from waste
waters [2], de-inking of paper in recycling of wastepaper [3], recovery of plastic mixtures in recycling plastic waste [4], etc. Flotation
is often employed to separate hydrophobic from hydrophilic particles in an aqueous suspension by introducing air bubbles into the
suspension. After attaching to air bubbles, hydrophobic particles
are dragged upwards by rising bubbles and form a froth at the top
of the suspension [1,5].
Although ﬂotation is known for very long time, a systematic
analysis of the governing sub-processes has attracted attention the
last 50 years only. The main individual elementary steps of ﬂotation
are (a) collision of a solid particle with a bubble, (b) attachment of a
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particle to a bubble and (c) detachment of a particle from a bubble.
Proper description of these steps is essential for the determination
of the efﬁciency of the ﬂotation process and the determination of its
kinetics [1,6]. Understanding and thus controlling the interaction
between colliding particles and bubbles has proved very important
to achieve successful attachment of particles onto bubbles [7].
Bubble–particle encounter includes many kinds of interactions
and forces – hydrodynamic, gravitational, surface and capillary. The
three identiﬁed sub-processes (collision, attachment, detachment)
are not entirely discrete, but rather grade one into another [7].
However, the governing forces are independent of each other so
collision, attachment and detachment can be treated separately
and thus modelling of each sub-process is simpliﬁed. The collision sub-process starts already from the approach of a particle to
encounter a bubble that is governed by the liquid ﬂow and the relative motion between the bubble and the particle. Particle/bubble
trajectories determine whether an encounter will occur. Collision is
dictated by the zonal boundary between long-range hydrodynamic
forces and short-range interfacial interactions. It is only when a
particle approaches a bubble at a shortest separation distance that
short-range forces (atomic, molecular, surface) take control, and
the attachment process starts [8]. Collision efﬁciencies are usually
computed through trajectories calculation. Although the trajectory
calculation is an old issue in ﬂotation modelling [1], only recently
microhydrodynamics has been incorporated in this [7,9].
In past studies of bubble–particle collision, bubbles with immobile surface have been mostly considered on the premise that
surfactants and impurities adsorb on a bubble surface making it
immobile [1,10]. In recent years, however, research has turned also
on a collision of particles with mobile bubble surfaces [10–12]. The
argument for this is pretty clear: adsorption of surfactant at the surface of a rising air bubble is a dynamic process, contaminants are
swept to the rear surface of the bubble and thus, the forward part
of the bubble remains mobile, whereas the surface contamination
forms an immobile stagnant cap at the rear [13].
Only a few attempts have been reported in the literature aiming
to investigate isolated bubble–particle collision and attachment. In
most of these studies, a bubble is pinned at the tip of the capillary, and its surface is recorded by a high-speed camera while it is
approached by particles settling inside a stagnant liquid [7]. Such
experiments do not consider liquid ﬂow so particles collision with
the bubble is determined solely by particles settling velocity. A few,
more ambitious, attempts employed a moving high-speed camera
that can follow in real time the rising motion of a bubble in stagnant
liquid [12]. The latter is much closer to a real ﬂotation situation, e.g.,
DAF tanks, but it proved extremely difﬁcult to track a rising bubble and at the same time keep its surface in focus. Slight lateral
motion of the bubble and inevitable hydrodynamic disturbances
are enough to drive images out of focus.
This work is about experimental trajectories and local velocities of small spherical particles ﬂowing around a large spherical
bubble. The presently reported trajectories/velocities are those of
relatively large particles – still smaller than the bubble – that
move chieﬂy under gravitational settling. In order to describe particle trajectories/velocities a theoretical model has been developed
incorporating the effects of governing forces, e.g., gravity, inertia, microhydrodynamic drag. Reynolds numbers of the liquid ﬂow
ranks to intermediate values and thus it is not possible to use either
Stokes or potential ﬂow for its description. The improvement in
ﬂow ﬁeld description (composite ﬂow) ﬁeld is also presented in
this paper. It is noted that the model developed here is not the
main scope of the present work, but it is a tool for the explanation
of experimental data. Despite this, the model is a state-of-the-art
since for ﬁrst time, particle trajectories are calculated including
hydrodynamics for the ﬂow ﬁeld different from the two idealized
ones (Stokes and potential ﬂow).

Fig. 1. Schematic of the experimental set-up with the detail of the injection device.

2. Experimental
The apparatus used in this project is the opposite of conventional ﬂotation apparatuses; instead of having many bubbles rising
through dispersed particles ﬂoating freely in the liquid, the situation is simpliﬁed and reversed. A single bubble is kept at a ﬁxed
position, and the suspension of particles moves against it. The bubble is created at the tip of a vertical capillary tube of external
diameter of 600 m. To make the bubble two syringes are used
– one small and one large – connected to the capillary tube by a
three-way valve in order to enable manipulation of bubbles size.
The large syringe is used to blow a bubble out of the capillary initially, whereas the small syringe is used to adjust the bubble size at
a desired level. The three-way valve is also connected to a pressure
transducer to monitor the internal bubble pressure by which the
system’s stability is assessed. Connecting the bubble, the three-way
valve, the syringes and the pressure transducer by small diameter
(1 mm) short length tubes increase the stability of the system but
diminish its dynamic response to pressure ﬂuctuations.
The approaching velocity of particles to the bubble is adjusted
by a pump in combination with a control valve. Particles are dispersed in water inside a small reservoir where the desired amount
of particles, surfactant and liquid are mixed. Right after mixing, the suspension is pumped through narrow tubes (diameter
5 mm, to maintain particles in suspension) to the top of a vertical glass column (1.5 m height overall) having a large square
cross-section (4 cm × 4 cm). As the suspension enters the glass column the cross-section of the ﬂow increases largely and so the
ﬂow velocity decreases drastically. In addition, the ﬂow passes
through a bundle of narrow tubes (10 cm long, 2 mm diameter)
meant to damp swirling motion of particles and excessive liquid eddies. The ensuing smooth ﬂow moves downwards against
the bubble ﬁxed at location 3 (Fig. 1). This is the location where
particle trajectories around the bubble are registered by two highspeed cameras (Motion BLITZ EoSEns Mini2, RedLake MotionScope,
500 fps) shooting simultaneously from perpendicular directions.
The two cameras conﬁguration permits capturing bubble/particle
activities in every direction. Sufﬁcient cold diffuse lighting is
employed to illuminate the bubble and approaching particles so
as to use high aperture values that increase the depth of view ﬁeld.
After going past the bubble, the suspension enters a big Plexiglas
tank at the bottom of the apparatus where an axial impeller maintains particles in suspension for the pump to re-circulate them. The
overall view on the device is shown in Fig. 1. The total volume of
the device is 8.6 l; the length of the column from its top down to
location 3, is 1 m.
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Fig. 2. Spherical particles of polystyrene crosslinked with divinylbenzene (Micropore Technologies Ltd.) as observed by a microscope.

The experiments shown in this work are performed using
spherical hydrophobic particles (polystyrene crosslinked with
divinylbenzene, (Micropore Technologies Ltd.) with an average
diameter dp = 330 m, p = 1050 kg/m3 , Us = 3.1 mm/s). Although
the average size of particles is 330 m, particle sizes are distributed
in a ﬁnite range of values (Fig. 2). Therefore, in the calculations that
follow the actual size of each particle is used as recorded by the
cameras. The test liquid is an aqueous solution of surface active
agent (SDS, sodium dodecyl sulphate) at a concentration of 50 mg/l.
This concentration is typical for ﬂotation processes and is considered enough to make particles hydrophobic [1,14]. The presence of
surfactants has a signiﬁcant inﬂuence on the bubble surface. Nevertheless, for sizes of bubbles used during the experiments shown
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in this paper and the very low concentration of surfactant used, the
surface of the bubble is usually considered mobile. The bubble in
the presence of the SDS solution of the concentration used shows
the partially immobile surface according to Krzan and Malysa [15]
who used the solution of SDS of similar concentrations. The same
conclusion may be also deduced from the comparison of the terminal bubble velocity; it ranks to the area of the partially immobile
surface as provided in [16].
The bubble was formed just exactly before taking the video of
the interaction and due to the motion of the liquid, surfactants that
could attach to the bubble surface were swept to the rear of the
bubble and thus, its surface remained practically clean with the
Marangoni effect not being strong enough to alter the velocity ﬁeld
around the bubble. The mobility of the bubble surface was checked
by the evolution of the velocity in dependence on the position as
seen in Fig. 7.
Video sequences of particles colliding with bubbles of different
diameter (500–1700 m) under different ﬂow rate (liquid velocity
in the column 0–8 mm/s) are obtained. An example is shown in
Fig. 3.
The image analysis software NIS-Elements is used for the detection of particle trajectories. Original sequences are represented by
images in the .bmp format; it enabled to cut unnecessary images
(images with no particles) and then to create a video in the desired
format (.nd2). The calibration of distances on images is based on
the diameter of the capillary (600 m), the bubble with the capillary is marked and excluded from the range of interest. Videos
are thresholded and using methods of image analysis, the position of the centre of the particle in every image is obtained. These
positions characterized by the x- and y-coordinates are measured
and exported for the following calculations. The velocity is calculated from the trajectory as the change of the particle position
as a function of time (the time difference between two images
is 2 ms).

Fig. 3. The interaction between a spherical particle and the bubble observed by the high-speed camera. Images represent a sequence separated by 40 ms.
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Here, mp is the particle mass, mf is the mass of ﬂuid volume occupied
by the particle, Rp is the particle radius, V and W are velocities of
the particle and the ﬂuid ﬂow (resp.),  is the liquid viscosity, t is
time and g represents the acceleration due to gravity.
The term on the left-hand side of the BBO (Eq. (1)) represents
the particle inertia forces, the ﬁrst term on the right-hand side is
referred to as the pressure force and the second term as the viscous
drag force. The third term is called the added mass force and represents the resistance of the liquid volume decelerating with the
particle motion. The last term on the right-hand side of Eq. (1) represents the difference between the particle weight and the liquid
buoyancy [9,17–19].
For easier handling of the BBO equation, dimensionless values
are introduced by dividing the appropriate dimensional values by
their characteristic values. Fluid and particle velocities are scaled
by the bubble slip velocity U (difference between ﬂuid and bubble
velocity); time is scaled by Rb /U (Rb – bubble radius). This way,
dimensionless numbers are obtained under the assumption that
the liquid velocity and viscosity are constant; K1 and K2 describe
the role of inertial forces, where St is the particle Stokes number
[17].
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In Eqs. (2)–(4), f and p denote liquid and particle densities
(resp.), U is the bubble slip velocity relative to the liquid phase, and
f denotes the liquid kinematic viscosity.
Due to possible instabilities during calculation with time derivatives (small changes in time can cause considerable changes in the
particle polar coordinates), it is more convenient to transform Eq.
(1) to polar coordinates, where the polar angle and the radial coordinate are independent variables. The particle velocity in radial and
tangential direction is deﬁned as ( is the dimensionless time):

vr =

dr
d

vϕ = r
Fig. 4. Illustration of the interaction of a falling particle and a stagnant bubble.

(5)

dϕ
d
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Then, Eq. (1) can be rewritten as
During the present experiments, collision of particles with the
bubble is observed at different ﬂow regimes but adhesion of particles on the bubble surface is never observed. This is most likely due
to the low SDS concentration. However, such low SDS concentration was necessary to study particles trajectories around a mobile
bubble surface which is indeed the scope of our work.

dvr
=
dϕ

3. Theoretical

dvϕ
=
dϕ

3.1. Equations for the particle motion
The quantiﬁcation of particle–bubble collision outlined in
Fig. 4 requires solving the full equation of particle motion
around the bubble surface. Successful modelling of particle motion
enables the calculation of bubble–particle collision angle and
also of the encounter efﬁciency. Traditionally, it begins with the
Basset–Boussinesq–Oseen (BBO) equation described as [1,13]
mp
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where v and w represent dimensionless particle and liquid velocities, indexes r and ϕ denote radial and tangential components of
those velocities.
To solve the differential equations showed above, the initial conditions describing the system are required. Their determination is
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based on the fact that the particle velocity sufﬁciently far away
from the bubble surface is not inﬂuenced by the bubble and thus
the velocity is equal to the liquid velocity plus the particle terminal
settling velocity, giving:

vr (r = r0 ) = −(1 + vg ) cos ϕ0

(10)

vϕ (r = r0 ) = (1 + vg ) sin ϕ0

(11)

The minus sign in the initial condition for the radial velocity
(Eq. (10)) denotes that the liquid ﬂow and thus the particle move
in counter-current direction to the radial coordinate.
3.2. Microhydrodynamic interaction
A particle approaching the bubble surface is signiﬁcantly inﬂuenced by the drag force which is well described by the Stokes law
far from the surface. When the particle approaches the bubble, an
intervening liquid ﬁlm is formed, and the hydrodynamic resistance
increases rapidly. This increase can be accounted for using hydrodynamic resistance functions [1,9], fi and fj , where i = 1, 2 and j = 3,
4 in Eqs. (7) and (8).
The microhydrodynamic resistance functions depend on the
inter-surface separation distance as well as the bubble surface
mobility. For mobile bubble surface, equations for the microhydrodynamic functions in tangential and radial direction are [1]:


f1 = 1 +

 R 0.719

1.394

p

(12)

4H

f21 =

1.707 + (H/Rp )
0.836 + (H/Rp )

(13)

f22 =

2.656 + (H/Rp )
1.440 + (H/Rp )

(14)

f2 =

f21 − Hf22
1−H

3.4. Calculation of the particle trajectory
Equations for the particle motion (Eqs. (7)–(9)) together with the
initial conditions (Eqs. (10) and (11)) and equations for the liquid
ﬂow ﬁeld (Eqs. (18) and (19)) are solved in Matlab using the fourthorder Runge–Kutta method. The initial position (r0 , ϕ0 ) necessary
for the calculation is obtained from experiments. In fact, the initial
position should be sufﬁciently far from the bubble where the initial
conditions apply and particle trajectories are not inﬂuenced by the
bubble surface and also they are parallel [17].
In the calculation of the trajectory, the contact of the particle
with the bubble is tested (separation distance H is equal or smaller
than h0 – see below for its deﬁnition). If the particle touches the
bubble, the radial motion of the particle is stopped (if it is towards
the bubble), and only the tangential one is allowed, and thus, the
sliding of the particle along the bubble surface is simulated. When
a particle reaches the point corresponding with the tip of the capillary, and the bottom part of the bubble, the motion of the particle
is set to follow the shape of the capillary since the ﬂow ﬁeld disturbance induced by the capillary is not taken into account.
The grazing trajectory, from which the encounter efﬁciency is
calculated, can be found using the condition that there is no contact
point between the particle and the bubble surface on the trajectory following the grazing one. The initial position is varied; the
particle position corresponding to the particle position obtained
from the experiment is initially set to start the numerical integration, and the particle trajectory is calculated [17,18]. If the particle
meets the bubble surface (this is detected by fulﬁlling the condition r = 1 + h0 /Rb + Rp /Rb ), the integration is stopped, and the initial
position is shifted away from the axis of symmetry (the vertical
axis). This process is repeated until no contact point is found. Then,
the last trajectory is determined to be the grazing one. The angle
of tangency is obtained from the grazing trajectory as the polar
angle corresponding to the closest point to the bubble surface. The
collision efﬁciency can be calculated from information about the
grazing trajectory:



(15)
Ec =

1.106 + (H/Rp )
1.502 + (H/Rp )

(16)

1.107 + (H/Rp )
f4 =
1.502 + (H/Rp )
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99
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2
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When the bubble and particle surfaces are far apart (H → ∞),
drag coefﬁcients are equal to 1 and thus, the drag force reduces
to the standard Stokes law. On the other hand, when H → 0 drag
coefﬁcients are expressed by the lubrication theory [1].

It is important to note that the parameter h0 representing the
shortest inter-surface separation distance (the thickness of the
intervening liquid ﬁlm between the bubble and the particle) is a
small number but it is not equal to zero. It was proved [9] that this
small non-zero number is sufﬁcient for performing the calculation
and moreover, numerical results (collision angle and efﬁciency) are
not sensitive to the value of h0 that corresponds to typical values
for the ﬁlm thickness (10–500 nm).

3.3. Liquid ﬂow ﬁeld

4. Results and discussion

The Stokes or potential ﬂow describing the liquid ﬂow ﬁeld has
a limited range of successful usage [20,21]. This is why, a signiﬁcant
improvement is introduced here. The composite ﬂow ﬁeld is able
to describe various ranges of liquid velocities (and thus Reynolds
numbers). Moreover, it is clearly visible that if a = 0, Eqs. (18) and
(19) lead to the Stokes ﬂow. The composite ﬂow ﬁeld is derived
based on the idea of [22] for interpolation between ideal ﬁelds.

Comparison of trajectories of particles going around the bubble obtained experimentally and theoretically is provided in this
section. Trajectories of particles passing the bubble at the vertical equator were chosen for further processing. At ﬁrst, an image
summarizing trajectories of particles of different initial position is
shown in Fig. 5. These trajectories were obtained from the model
by incorporating all effects, and it is provided for better illustration
of behaviour of particles. Coordinated x and y are dimensionless
and thus, the bubble ranks between −1;1. The colour of trajectories differs according to particles initial position; the behaviour
of trajectories of the same colour is alike. The agreement between
the model and the experiment was checked and expressed by a
variation (average distance between calculated and experimental
coordinates) giving 1.5 pixels in average (due to the different calibration of images, the pixel size is more relevant information). It
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Fig. 5. Trajectories of particles moving around a bubble at different distances from
the bubble. Different colours denote particles of different initial positions. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to
the web version of the article.)

is not possible to provide strict statistics since each particle has its
own size and initial location (Fig. 2).
For further discussions, single trajectories from the green, red
and black zones were used (A, B, C in Fig. 6).
The principle of display of Figs. 6 and 7 must be also introduced
here. In both of these ﬁgures, the red line denotes results obtained
from the experiment, and the green line shows results from calculations. The length of green and red lines is the same for every picture,
because the calculation of the particle trajectory was terminated
when the horizontal position had reached the value corresponding
to the horizontal position of the last point of the experimental trajectory. Since the calculation of the particle velocity is related to
the calculation of trajectory, the lengths of the green (calculated)
and red (experimental) lines match as well.
According to the initial position of the particle, trajectories
showed different behaviour (Fig. 6); for more convenient comparison, axes are provided in a dimensionless form. Particles initially
located away from the axis of symmetry deviate around the bubble without coming close (case C); if particles started even further
from the axis of symmetry, they would not be affected by the bubble at all, and they would follow streamlines of the liquid ﬂow ﬁeld.
However, if the initial position of particles ranks in the range of
the bubble radius from the axis of symmetry, the bubble’s presence affects their trajectories signiﬁcantly (cases A and B). The
deviation of the trajectory becomes evident usually at separation
corresponding to the diameter of the particle. This can be attributed
to forces taking place in the ﬂuid such as drag force, added mass
force, inertia force, etc. Some particles sufﬁciently close to the
axis of symmetry slide along the bubble surface and then withdraw. This can be caused by the gravitational effect or the effect
of the velocity of the liquid stream. However, particles may also
attach onto the surface of the bubble after a short period of sliding, but this case of behaviour is never observed during the shown
experiments.
Different trajectories corresponding to different effects used in
calculations are depicted in Fig. 6. It must be noted that the present
model assumes ﬂow around a perfectly spherical bubble without
the presence of the bubble’s supporting capillary. From the top
to the bottom row, the calculation with all effects incorporated
is shown ﬁrst and then below the calculations without microhydrodynamic drag, without the inertia effect and without the effect
of gravity. From A to C, trajectories correspond to different initial

position of the particle; the horizontal initial position divided by the
bubble radius is 0.28Rb , 0.63Rb and 0.92Rb for A, B and C is shown,
respectively.
When comparing experimentally obtained trajectories with
those resulting from the equations described in the theoretical
part of this paper, contributions of different effects are assessed
(microhydrodynamic drag, inertia forces, and gravity effects).
Although particles are of relatively large diameters, their density (p = 1050 kg/m3 ) is similar to the density of the liquid
(f = 998 kg/m3 ), so the inﬂuence of inertia and gravity is visible
but not so signiﬁcant. In general, the inertia effect is described by
the Stokes number; more signiﬁcant is the inertia effect, slower
the particle reacts to a change of the ﬂow ﬁeld. The gravity effect
expressed via the settling velocity is noticeable if the difference
between the particle and liquid density is higher; especially in the
case of heavy particles, the trajectory is almost not inﬂuenced by
the liquid ﬁeld and the particle settles vertically.
Contrary assumption, microhydrodynamic drag does not affect
the trajectories presented in this work considerably. Without
microhydrodynamic effects included in the calculation, the particle approaches the bubble with just a small deviation from the
trajectory caused by the liquid ﬂow and the particle collides with
the bubble (separation distance, H = 0). At this moment, the radial
velocity does not contribute to the interaction, and only the tangential velocity causes the further motion of the particle (sliding
around the bubble surface). Once the particle reaches the point
deﬁned by the capillary and the bottom part of the bubble, it continues in sliding along the surface of the capillary (cases A and
B).
If microhydrodynamic effects are incorporated to the calculation, the drag taking place in short inter-surface separation distance
“pushes” the particle away from the bubble surface while it is forced
by the liquid ﬂow to collide at the same time. It results in the
diversion of the trajectory that can be seen in Fig. 5 when trajectories with all effects involved and trajectories without the effect
of microhydrodynamics are compared. Also for the case C showing
the situation of a particle passing the bubble sufﬁciently far from
the surface where short-range forces do not play a key role and the
motion of the particle is controlled by the liquid ﬂow, the effect of
the microhydrodynamic is slightly visible.
Next, velocities of particles obtained from experiments and the
respective velocities calculated at different locations around the
bubble are compared to assess further the signiﬁcance of different acting forces. In Fig. 7, particle velocities from experiments and
calculations are shown for the same cases shown in Fig. 6. For convenience, the horizontal coordinate (showing the vertical position
of a particle) in graphs in Fig. 7 is dimensionless (Y/Rb ) and thus, the
position of the bubble spans within (−1;1) with the centre point in
0; once one want to read in this ﬁgure, it is necessary to do it from
right to left to follow the motion of the particle. It must be noted
that due to imperfections in recorded images, the computed experimental velocity of particles is ﬂuctuating (especially in case A of
Fig. 7). It is seen that the velocity of the particle becomes lower as
the particle approaches the bubble. When the particle slides along
the bubble surface, its velocity initially increases until the equator (centre) plane of the bubble and then, it decreases again as it
approaches the bottom of the bubble. The above are consequences
of the high mobility of the bubble surface. If the bubble surface
is mobile, the velocity is higher around the bubble surface (with
the highest velocity at the bubble equator). On the contrary, if the
surface of the bubble is immobile, the velocity gets lower along
the bubble surface. The obtained experimental velocities indicate
that the bubble surface is mobile as it has been assumed based
on the employed low SDS concentration. This can be viewed yet
from another standpoint: it is possible to judge whether the surface
of the bubble is mobile or immobile from knowledge of the local
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Fig. 6. Trajectories of particles moving around a bubble in different distances from the bubble surface for different settings of the model. Red lines denote the trajectory of
the particle from experiment; green lines are calculated trajectories. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of the article.)

particle velocity. The main purpose of creating Fig. 7 was checking the bubble surface mobility. However, moreover, it showed its
beneﬁts also in decision whether the effect of microhydrodynamics
was important or not (for particles moving very close to the bubble
surface, cases A and B).
From the comparison of the experimental velocity of the particle with the calculated one, it is possible to examine which
of the effects taking place during the bubble–particle interaction
are dominant. Although experimental and theoretical trajectories

appear quite similar, the velocity counterparts are different for
every setting of the model. Cases A and B of the interaction provided in Figs. 6 and 7 show that microhydrodynamic effects must be
included in the model. Otherwise, the velocity of the particle when
the particle is sliding along the bubble surface is unreasonably
high; the only questionable case is C, which represents the particle
with the initial position further from the axis of symmetry where
microhydrodynamic drag does not take place being a short-range
effect.
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Fig. 7. Velocities of particles moving around a bubble in different distances from the bubble surface for different settings of the model. Red lines denote the velocity of the
particle from experiment; green lines are calculated velocities. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version
of the article.)

Another interesting issue must be pointed on; if the particle slides along the bubble surface (only the tangential motion is
allowed), there is a terminal point deﬁned by the tip of the capillary and the bottom of the bubble or the capillary as the lowest
possible horizontal coordinate of the particle edge (particle’s centre + diameter). From this point further, the radial motion is also
allowed, and the particle is forced to slide down along the capillary with the velocity equal to the one in the changing point. This
approach geometrically simulates the presence of the capillary –
the velocity does not increase again and thus, it represents the
immobile surface of the solid capillary.
Although particle attachment to the bubble is possible theoretically under certain conditions, this is not observed during the

present experiments. There are a few possible explanations for this
discrepancy. A ﬁrst explanation refers to the morphology of the
employed particles. Their surface is perhaps too ideally spherical
and too smooth and thus a particle can touch the bubble surface
at a point only. This extremely small area of contact may prevent
the intervening liquid ﬁlm between the bubble and the particle
from rupture, and as a result, the particle eventually slides away
along the bubble [23]. A second possible explanation is that the
presence of surfactant increases the intervening liquid ﬁlm stability or makes the bubble surface immobile [24]. The latter possibility
is rather rejected because experimental particle velocities indicate
that the bubble surface is mobile. The type and concentration of surfactant (SDS) in the present experiments resemble those of a real
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system used in industry (where particles indeed attach onto bubbles), [25]. A third, but least plausible, explanation for the never
observed particle–bubble attachment is the weight of the particle;
although the density of particles is low, particles are relatively large
and thus gravity might be dominant. However, the modelling part
of the present work has shown that the effect of gravity is rather
insigniﬁcant. To this end, the explanation that has more chances
to explain the lack of particle-bubble attachment is the ﬁrst one:
particles are too spherical and too smooth to lead a collision with
the bubble to eventual attachment.
Another interesting phenomenon observed in the present
experiments is that particles continue their motion in an almost
straight line after passing the bubble horizontal equator if they did
not slide (clearly visible in the case C in Fig. 6). This implies that
the effect of gravity or inertia may be dominant, but the present
computations showed that none of them is important. The most
reasonable explanation for this behaviour is the deformation of the
liquid ﬂow ﬁeld imposed by the presence of the capillary supporting the bubble. This effect has not been considered by the model
that is based on the ﬂow ﬁeld around an isolated bubble.
It is noted that the bubble in general deforms as the particle
approach to it [26,27]. This deformation is of the scale of the intervening liquid ﬁlm between particle and bubble, and it is important
for particle attachment process. Nevertheless, attachment does not
occur here, and the inﬂuence of bubble deformation on particle trajectory is quite insigniﬁcant and it can be ignored. The problem has
actually three size scales: the bubble size scale (liquid ﬂow ﬁeld),
the particle size scale (relevant to microhydrodynamics) and the
intervening liquid ﬁlm size scale. The bubble deformation and the
liquid ﬁlm thickness evolution can be ignored at the two higher size
scales.
5. Conclusions
A new device is developed to yield experimental trajectories
and velocities of particles ﬂowing around a bubble standing still
in an aqueous surfactant solution. Trajectories and velocities are
computed from the analysis of high-speed images. The experimental velocity proﬁles of particles around the bubble indicate that the
surface of the bubble is pretty mobile that is not surprising based on
the employed low surfactant concentration. Experimental trajectories and velocities are compared to respective quantities predicted
by a model that is also developed herein. A sensitivity analysis
reveals that under the experimental conditions interception is the
dominant collision mechanism, whereas the other mechanisms
has a small but non-negligible effect. However, gravity and inertia gain gradually importance as the size of particles increases and
the microhydrodynamic effect increases its importance as the initial position of the bubble’s centre is shifted closer to the axis of
symmetry. Thus, it can be concluded that the primary mechanism
of collision is interception in this case. It is also suggested that
the never observed experimentally attachment of particles onto
the bubble, despite the favourable physicochemical conditions, is
rather due to the speciﬁc morphology of the employed particles.
These particles are too spherical and too smooth and probably
touch the bubble surface at one point only. Therefore, the time
and area of the contact are not sufﬁcient for the rupture of the
intervening thin ﬁlm between the bubble and particle.
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