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a b s t r a c t
Heat transfer over a sub-millimeter spheroidal solid is of interest in many engineering processes. One
important mechanism of heat transfer in the above processes is natural convection which leads to heat
transfer rates many times larger than that of pure conduction. Despite the huge literature devoted to natural convection heat transfer rates over spheres (and to a smaller extent over spheroids) there is not a
generally accepted correlation especially for small Rayleigh numbers. Existing correlations for external
geometries predict a progressively increasing contribution of natural convection to heat transfer with
respect to gravity (starting from zero gravity). To test the validity of these correlations, experiments
are performed for the estimation of heat transfer rates at low gravity. Heat pulses are given to a miniature
thermistor with a nearly spheroidal shape immersed in a liquid and its thermal response is registered
during heating in parabolic ﬂights. The contribution of natural convection to heat transfer is undoubtedly
estimated from runs in which acceleration varies from 0 to 1.8 g. Surprisingly enough, the experiments
showed that the Rayleigh number must take a minimum value before non-negligible effect of natural
convection on heat transfer appears (existence of a threshold Rayleigh number). In the absence of natural
convection (below Rathr) the experimental thermal response curves can be successfully described by
approximating solutions of the transient heat conduction equation for the spheroidal geometry of the
thermistor. Apparently, additional research is needed regarding the natural convection around submillimeter objects for small Rayleigh numbers.
Ó 2011 Elsevier Ltd. All rights reserved.

1. Introduction
Natural convection over a small spherical (or approximately
spherical) object is of interest in many engineering processes such
as manufacturing systems, heat transfer in packed beds and for
many electronic components of nearly spherical shape [1]. This is
the reason of the very extensive theoretical and experimental
study of the problem during the last 60 years. This particular problem is dictated by the Grashof (Gr) or equivalently by the Rayleigh
number (Ra = GrPr where Pr is the Prandtl number). Both numbers
express the ratio of buoyancy induced convective transport to
transport by molecular means (momentum transport for Gr and
heat transport for Ra). The mathematical problem which must be
solved consists of the momentum and heat transfer equations.
The motion is induced by a momentum source term emerging from
the temperature dependence of the ﬂuid density.
Several simpliﬁcations can be made to the mathematical problem at steady and pseudo-steady state. The so-called Boussinesq
approximation is usually employed to transform the system of
equations to a linear one which can be handled easier [2]. The main
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assumption of Boussinesq approximation is to neglect the temperature dependence of ﬂuid properties except that of density which
is assumed to exhibit linear temperature dependence. This approximation is often applied outside the limits of its validity, e.g., if the
ﬂuid’s viscosity is strongly depended on temperature.
Another simpliﬁcation has to do with the limit of large Grashof
number [3]. In this limit, the thickness of the layer in which ﬂuid
motion and heat transfer take place is small with respect to its
length so a boundary layer approximation can be applied replacing
the elliptic problem with an easier to solve parabolic one. This type
of simpliﬁcation is used for axisymmetric objects of any shape
since in this limit the boundary layer thickness is much smaller
than the radius of curvature, so curvature can be ignored [4].
Another approximate technique leading to analytical results in
case of spheres have been employed for the limit of small Grashof
number [5,6]. A perturbation expansion with respect to Grashof
number is not everywhere valid since far from the sphere the convection and conduction terms are of the same magnitude. Different
expansions are needed at different regions followed by a matching
procedure to get the ﬁnal result.
Regarding transient natural convection, a step change in the object temperature is the scenario mostly studied. Analytical results
for the cases of small Grashof number are given in [7]. Another
important case of transient natural convection is the so-called
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Nomenclature
A
As
cp
g
H
I
K
kl
km
kq
P
QR
QRs
Qss
r
R1
Rs
Rt

heat transfer surface area
surface area of the spheroidal thermistor
speciﬁc heat capacity
gravitational acceleration on earth
ratio of natural convection to conduction contribution
to heat transfer
electric current in the thermistor network
thermal conductivity
thermal conductivity of the liquid
thermal conductivity of the metallic part of the thermistor
thermal conductivity of the quartz
heating power of the thermistor
heat transfer rate from a sphere to the environment
through conduction
steady state heat transfer rate from a sphere to its environment through conduction
steady state heat transfer rate from a spheroid to its
environment through conduction
radial coordinate
reference resistance used by the thermistor
equivalent radius of the thermistor
internal resistance of thermistor

gravity modulation or g-jitter induced ﬂow in reduced gravity environments. Small accelerations (g-jitters) are due to crew motions,
mechanical vibrations, atmospheric drag, earth gravity gradient
and other sources. Although in practice they are of stochastic nature,
they are typically modeled as high frequency harmonic functions
[8,9]. The above approximate analytical results combined with
experimental results have led to the development of several correlations in literature for heat transfer around spheres and spheroids
[10]. According to these correlations natural convection emerges
even in the case of g-jitters.
The study of the effect of g-jitters on heat transfer and particularly on natural convection is the primary objective of the present
study. This is important in order to assess the signiﬁcance of natural convection which is usually assumed negligible in parabolic
ﬂights [11,12]. The structure of the work is the following: First,
the experimental set-up and the experimental procedure are described. Then, the collected data are presented in a comprehensive
form. A discussion is made about the existence or not of natural
convection in each experiment. Adopting a mechanistic thermal
engineering point of view, we do not assign the term natural convection in the present work to the motion of ﬂuid due to buoyancy
(undetectable by the present experimental means) but to the heat
transfer effect of buoyancy which can be experimentally detected.
So, the claimed absence of natural convection may refer to weak
ﬂuid motion with non-measurable effect on heat transfer. Data
are analyzed and discussed at three stages using appropriate theoretical tools: At ﬁrst, the steady state conduction data, then the
steady state data with natural convection contribution and, ﬁnally,
the transient conduction data. The analysis of the results revealed
some interesting issues regarding natural convection in
microgravity.
2. Experimental procedure and results
The experiments are conducted during the 49th ESA (European
Space Agency) Parabolic Flight Campaign which consists of ninety
three parabolas split in three days. Each parabola provides a sequence of normal-high-low-high-normal gravity phases. Data of on-

R
S1, S2
t
Tc

radius of a spherical heat source
interfaces between domains deﬁned in Fig. 1
time
characteristic temperature for physical properties computation
Tf
ﬁlm temperature deﬁned as (To + Tt)/2
outer thermistor temperature (quartz-liquid interface)
Ti
To
initial and far-ﬁeld ﬂuid temperature
Tt
temperature of the thermistor
V1, V2, V3, V4 domains of the problem deﬁned in Fig. 1
voltage applied to the thermistor
Vo
VR
voltage difference at the edges of Rt
Vs, qs, cps volume, density and speciﬁc heat capacity of the metallic part of the thermistor
a, b
length of large and small spheroidal thermistor semiaxis
aq
thermal diffusivity of the quartz
aw
thermal diffusivity of the liquid
b
liquid thermal expansion coefﬁcient
c
gravitational acceleration
d
thickness of the quartz layer
l
liquid viscosity
q
density

board gravitational acceleration provided by ESA showed that
during the low gravity phases the gravity value ﬂuctuates randomly
(g-jitters) within ±2.6  102 g whereas during the high gravity
phases reaches a peak value of about 1.6–1.8 g. The low gravity duration is slightly different among parabolas but on the average lasts
approx. 22 s. Each parabola is used to conduct a separate run.
The core of the equipment is a thermostat unit, a CPF-2 type,
into which an exchangeable sample cell unit is inserted. The thermostat operates under the gradient reduction principle and can
provide precise temperature stability in the order of ±0.05 °C. In
addition, the thermostat is equipped with optical and electronic
interfaces which enable the stimulation and observation of the test
ﬂuid. A sample cell unit is essentially a sealed tube the lower part
of which is made of special spectrometer glass cuvette with an
internal diameter of 1.5 cm. The cells are specially designed to
maintain their measuring chamber (glass cuvette) completely full
with liquid in all times so as to prevent free ﬂoat of the liquid in
microgravity. The liquid volume in the cell is approx. 27 cm3. The
pressure inside the cells is kept at ambient values by means of
an elastic membrane sealing a port of the cell. Four different cells,
ﬁlled with a different liquid every time, are used in the present
experiments. A detailed schematic of the equipment can be found
in [11].
This work presents heating runs conducted with a NTC thermistor (Thermometrics, Inc., 0.125 mm nominal diameter) serving
as a local miniature heater. The thermistor (henceforth: the heater)
is an axisymmetric ellipsoid with a small-to-large radii ratio of 1:2;
the value of the nominal radius represents the two small, approximately equal, radii. In each test cell, the driving electrical circuitry
is connected with the heating thermistor by two wires covered
with an insulating glass layer. Each insulated wire has a diameter
around 0.100 mm. The insulated wires only slightly affect the heat
transfer domain around the heating thermistor (more below) so
their existence is ignored in the theoretical analysis of the problem.
Fig. 1 shows a 2D schematic of the heater along with some basic
features which are important for the theoretical analysis at a subsequent section. The domain V1 refers to the region of the internal
ohmic resistance where actually heat is generated. The domain V2
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P ¼ V R I ¼ V 2o 1 

V4
S1

VV1 V22

V3
Fig. 1. Geometry of a thermistor (heater).

is the rest of the inner heater consisting of platinum alloy, the domain V3 is the outer part of the heater consisting of quartz (thickness 10 lm) and the domain V4 represents the liquid that
surrounds the heater. The platinum alloy-quartz interface is denoted as S1 and the quartz-liquid interface as S2.
A prescribed voltage value, Vo, is applied to the heater through a
special electrical circuitry. Vo is constant through each run but different among runs. Registering the voltage drop VR across the heater with a sampling frequency of 100 Hz, allows the delivered
power and temperature of the heater to be calculated. This is done
as follows. The current in the electrical circuitry is given as I = Vo/
(Rt + R1) where Rt is the internal ohmic resistance of the heater
and R1 is a reference constant resistor of the circuitry across which
voltage drop is measured. The voltage difference VR at the edges of
Rt is given as


V R ¼ V o  IR1 ¼ V o 1 

R1
R1 þ Rt



ð1Þ

The resistance Rt can be found by solving the above equation for
Rt. The power P delivered by the heater is a function of Rt (Rt = Rt(Tt)
from the calibration of each heater against known temperature
values):
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¼ o 1
1 þ Rt ðT t Þ=R1
1 þ Rt ðT t Þ=R1
R1

S2

R1
R1 þ Rt



ð2Þ

The heater temperature is estimated by inverting the function
Rt(Tt).
Fig. 2 shows the dimensionless quantity PR1 =V 2o versus the heater temperature Tt for the employed four different heaters (sample
cells with different thermistors) to give an idea about the temperature dependence of heat generation. The released heat is proportional to the square of the voltage difference Vo and follows a
parabolic temperature dependency with a maximum between 80
and 90 °C. This was designed so, because the main objective was
to measure natural convection in water at high liquid temperature
(max. driving force) yet below its boiling temperature, i.e. 95 °C at
0.83 atm inside the airplane. The curves in Fig. 2 are the characteristic curves of the thermistors resulting from the analysis of the
electric circuitry connecting each thermistor. As such, they do
not depend on the environment where a thermistor is located. It
must be stressed that the whole span of these parabolic powertemperature curves is taken into account in the analysis of the
thermistors’ temperature evolution.
The thermal performance of the equipment is supervised by a
custom-made software. De-ionized water, and glycerol, (BDH Laboratories supplies) are the examined test liquids. Test liquids are
initially degassed by boiling at low pressure for one hour. Next,
the degassed liquids are used to ﬁll the sample cells. A thermally
regulated storage cabinet, part of the ﬂight apparatus, is used to
maintain the test cells at a temperature slightly below the temperature of the experiments, 32 °C. The latter was selected for thermal
regulation convenience: above the cabin temperature which occasionally may climb to 29 °C.
A brief outline of the experimental scenario is as follows. An
exchangeable test cell is inserted in the thermostat and is left to
equilibrate at a temperature a few tenths of a degree below 32 °C
(considered as the equilibrium temperature To). Then the temperature of the liquid is raised locally by energizing the heater at a
preset voltage level and for a variable duration. This is usually done
about 7 s after the onset of the low gravity phase during a parabola
to ensure that the experiment would start at good low gravity conditions. In some runs, the duration of heating is extended inside the
succeeding high gravity and normal gravity periods. In a few other
runs, heating is started during the high gravity period prior to the
low gravity phase. Each test cell is exchanged with a new one after
ﬁve or ten consecutive parabolas. Due to the initial degassing of
test liquids no bubbles appear at any heating run. This is conﬁrmed
by optical monitoring of the surface of the heater with a CCD color
camera (1k  1k pixels, 24-bit resolution) but also by the fact that
we have never observed the characteristic voltage drop at the heater typical of a growing bubble [11].

3. Results and discussion
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Fig. 2. Dimensionless heat source in the thermistor vs thermistor temperature for
the employed four thermistors (heaters).

Figs. 3 and 4 display heater temperatures versus heating time
for water and glycerol, respectively, at different applied voltages.
Repeatability runs practically coincide so only single runs are presented. A common pattern is found in all heating runs. Temperature climbs very fast at the beginning but only gradually later
towards a plateau (steady state) value which, however, is not fully
reached in the available heating time. This gets better as the applied voltages get smaller; at voltages below 10.0 Volts in water
the steady state is not far from the initial temperature, To, and is
approached very fast. According to Fig. 2, the fast initial thermalization of the heater is accompanied by a rapid increase of the
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Fig. 3. Heater temperature vs heating time measured for water at different applied
voltages: (a) cells 1 and 2, (b) cells 3 and 4.

Fig. 4. Heater temperature vs heating time measured for glycerol at different
applied voltages: (a) cells 1 and 2, (b) cells 3 and 4.

delivered power. Table 1 summarizes the range of the applied voltages for the two test liquids together with the achieved ﬁnal temperature and ﬁnal power (at the end of heating).
Fig. 5 presents a few runs in water and glycerol where heating
lasts 50 s. In these runs, heating starts (as in all other cases) from
the low gravity phase of a parabola, continues along the entire subsequent high gravity phase and eventually spans a few seconds in
the ﬁnal recovery phase of the parabola where gravity returns to
the normal 1 g value. In the three higher power (applied voltage)
runs in water (Fig. 5a), the heater temperature is sensitive to
changes in gravity level. In particular, going from nearly zero gravity to hypergravity the heater temperature drops. The extent of this
drop and the rate it is done depends on heating power and therefore temperature; at higher power (and temperature) the drop is
larger and faster. Going from the hypergravity period to normal
gravity leads also to an increase of heater temperature which, however, is much smaller than in the low-g/high-g transition. This is
rather expected because going from 102 to 1.8 g is about a 100fold variation whereas going from 1.8 to 1 g is only a 1.8-fold
variation. For the run with the lowest power there is no detectable
effect of gravity level on the heater temperature. The latter holds

also for the runs with glycerol (Fig. 5b) where the gravitational
variations during parabolas did not give any measurable effect. In
fact, glycerol was selected as a reference test liquid for which no
natural convection is expected due to its high viscosity.
The evolution of the heater temperature is a result of the competition between generation of heat on it by ohmic heating and removal of heat from it to the surrounding liquid by conduction and
natural convection. Below an effort is made to understand the
experimental results using basic theoretical tools and then to analyze them in order to get important quantitative information
regarding the phenomenon of natural convection. The whole analysis is guided in every step by the available experimental results.
All the needed physical parameters values are found by interpolating tables with their temperature dependence found in the
literature.

3.1. On the existence of natural convection
At ﬁrst, the effect of natural convection on heater’s temperature
curves will be discussed in a qualitative manner. The experiments
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Table 1
Experimental conditions.
Experiment #

Cell number

Vo (Volts)

Liquid

Final temperature (°C)

Final power (W)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

1
1
1
1
1
1
2
2
2
2
2
2
3
3
3
3
3
3
4
4
4
4
4
4

8
10.5
14
13
17
10
10
11.5
15.5
14
18.5
12
9.5
13.5
16.5
17.5
15.5
12
10
13
7.5
9
12
15.5

Glycerol
Glycerol
Glycerol
Water
Water
Water
Glycerol
Glycerol
Glycerol
Water
Water
Water
Glycerol
Glycerol
Glycerol
Water
Water
Water
Glycerol
Glycerol
Glycerol
Water
Water
Water

46.7
65.6
92.9
53.2
75.4
42.7
59.3
74.0
100.0
57.0
82.5
49.5
58.6
91.4
101.6
77.7
65.0
48.4
61.6
88.3
45.2
40.2
50.0
66.2

7.9
17.2
31.9
23.1
47.5
11.4
14.6
21.5
35.4
27.8
57
18.3
13
30
36.2
50
36.8
17.7
15.3
28
6.9
9
19.2
38.1

showed, that for glycerol the contribution of natural convection is
zero even at 1.8 g (Fig. 5b). On the other hand, according to
Fig. 5a, in water natural convection is not detectable for a heater
temperature Tt = 40 °C but has a measurable value (manifested
by the change of the heater temperature when the gravity level
changes) for experiments having Tt > 60 °C. According to the theory, the natural convection heat transfer coefﬁcient is a function
of a single dimensionless number, the Rayleigh number, which is
deﬁned as

Ra ¼

q2 cp cbðT t  T o ÞL3
kl

where q is the density of the liquid, cp is its speciﬁc heat capacity, k
its thermal conductivity, l its dynamic viscosity, b its coefﬁcient of
thermal expansion, c the generalized gravitational acceleration and
L a characteristic size of the heater (large semiaxis of the spheroid).
In order to compute Ra, the temperature at which the physical
properties of the liquid will be estimated must be known. This is
not a simple matter because the temperature in the liquid varies between To and Tt. A common approach to overcome this problem is to
use the so-called ‘‘ﬁlm temperature’’ Tf = (To + Tt)/2 (in some cases
the suggested weights of To and Tf can be different than 0.5).
Although this approach is quite successful for the case of water
for which a threefold viscosity variation occurs between 30 and
100 °C, it is questionable for the case of glycerol for which the corresponding viscosity variation is 45-fold. We insist here on viscosity
because it is much more sensitive on temperature variations than
the other physical properties.
The viscosity of glycerol between 100 and 30 °C exceeds 5 to
1000 times the viscosity of water (at 30 °C), respectively. The Ra
number is computed for glycerol and water, in Figs. 6 and 7 respectively, using three values of the characteristic temperature Tc for
physical property computation, i.e. To, Tf and Tt. It is evident that
Ra is very sensitive to the choice of Tc. Especially for the case of
glycerol the difference may be an order of magnitude. Theoretical
correlations for natural convection have been derived using uniform properties (computed at a characteristic temperature Tc) or

properties computed at To and Tt but the sensitivity of Ra number
on temperature shown here suggests that natural convection theories accounting for the variation of physical properties in the liquid domain are necessary.
Given the insufﬁcient knowledge of the problem of natural convection when viscosity exhibits very high sensitivity to temperature, not many things can be said about glycerol. The relevant Ra
number of the present experiments can be from 1 to 30. Values
around 1 may be compatible to the observed absence of natural
convection (since many correlations quote a low limit of validity
at Ra = 1 and their uncertainty for Ra < 1 can justify the observed
negligible effect of natural convection) but values of 30 certainly
not. Of course, rules may be different for the case of highly temperature depended physical properties than the case of uniform
properties.
The situation is different for water. In Fig. 7 it is seen that for Tt
= 46 where no natural convection is observed experimentally the
Ra number varies from 25 to 50 depending on the assumed Tc.
According to existing correlations these Ra numbers correspond
to signiﬁcant natural convection. The present experiments indicate
clearly that there is a threshold Ra number, Rathr, below which natural convection is a negligible heat transfer mechanism.
Although there is no measurable heat transfer effect driven by
natural convection for glycerol at any of the examined temperatures as well as for water at Tt 6 46 °C, it is not clear if this holds
also for water at higher Tt. In this case, natural convection appears
at 1.8 g so it is possible that it may exist to smaller extent at low
gravity due to the g-jitters. The average absolute magnitude of
g-jitters in the present experiments is about 0.02 g. Although
g-jitters are high frequency variations with alternating sign that
do not have time to reach steady state, they are still capable of
inﬂuencing heat transfer. This means that the Rayleigh number
(on Tc = Tf basis, using the appropriate scaling) at low gravity for
the experiment at the highest employed temperature is 6, a value
much smaller than 37, (see Fig. 7. for Tt = 46 °C), for which no
natural convection is observed.
It is important to notice that according to existing correlations
for natural convection, there should be an observable contribution

3328

(a)

M. Kostoglou et al. / International Journal of Heat and Mass Transfer 54 (2011) 3323–3333

90

100

2

cell:1/V :20.0V
0

T =T
c

1.5
80

80
0

t

1

0

60

t

0

-0.5
50

gravity acceleration / g

0.5
cell:1/V :15.5V
o

f

T =T
c

70

T / C

c

gravity acceleration

cell:1/V :17.0V

o

T =T

60

Ra
40

20

-1
cell:1/V :10.0V
0

40

-1.5
0
40

-2

30
0

10

20

t/s

30

40

50

60

(b) 100

70

80

90

100

o

T / C

50

t

Fig. 6. Computed Ra number vs temperature of heater for glycerol, using three
values of the characteristic temperature Tc for physical property computation i.e. To,
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of natural convection due to such g-jitters. On the contrary the
present experiments indicate the existence of a threshold Rayleigh
number above which only natural convection heat transfer effects
are non-negligible. In other words, in our experiments conducted
at low gravity conditions heat transfer occurs solely by conduction.
3.2. Steady state analysis for Ra < Rathr: Pure heat conduction regime
Having shown that the only mechanism of heat transfer at low
gravity is conduction we shall try now to explain the experimentally determined steady state temperatures shown in Table 1. At
steady state the temperature of the heater fulﬁlls the equilibrium
condition

PðT t Þ ¼ Q ðT t Þ

ð3Þ

where P is the power generated at the heater and Q denotes the conduction heat losses from the heater to the liquid. It is noted that the
above condition corresponds to a pseudo-steady state since the liquid temperature increases during heating. An elementary heat bal-

Fig. 7. Computed Ra number vs temperature of heater for water, using three values
of the characteristic temperature Tc for physical property computation, i.e. To, Tf and
Tt.

ance yields that for heat power 30 mW the increase of the average
liquid temperature in 20 s is less than 0.02 K so Eq. (3) (based on
pseudo-steady state hypothesis) is valid for the time scale of the
present experiments.
The next step is to estimate the conduction heat losses from the
heater. The heater consists of an inner metallic body with thermal
conductivity km inside which the heat source is located, and a thin
protective layer of thickness d with thermal conductivity kq made
of quartz. The thermal conductivity km of the metallic part is more
than 100 times higher than that of the quartz and the liquid so the
temperature can be assumed uniform in the inner body of the heater (Tt). The quartz ﬁlm is thin with respect to the curvature radius
of the heater so it can be assumed to be planar. The heat ﬂux
through this ﬁlm is given as
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Q 1 kq
¼ ðT t  T i Þ
A
d

ð4Þ

where A is the surface area of the heater and Ti its outer surface
temperature.
In order to determine the heat losses from the outer surface of
the heater to the liquid, the Laplace equation for the Dirichlet problem in the exterior domain of a prolate spheroid must be solved.
The actual boundaries of the experimental container are too far
(about 80 diameters) from the heater so they do not have any inﬂuence and an inﬁnite domain can be considered. Fortunately, the
particular problem at hand can be solved analytically in prolate
spheroidal coordinates. The expression for the rate of heat transferred from the heater to the liquid is [13]

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
4p a2  b kðT i  T o Þ
Q2 ¼
lnðcothðgÞÞ

ð5Þ

where a, b are the large and the small semiaxes of the heater and

1
4

g ¼ ln





aþb
ab

ð6Þ

Under steady state conditions it should be Q1 = Q2. This equation can be solved for Ti which is replaced in Eq. (5) to give the ﬁnal
expression for the conduction heat losses of the heater:

lnðcothðgÞÞ
d
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ
2
Ak
2
q
4p a  b k

Q¼

!1
ðT t  T o Þ

ð7Þ

ð8Þ

Substituting the expressions (2) and (7) in (3), a non linear
equation arises for the steady state temperature of the heater. Instead of solving for Tt using thermal conductivities values from literature, the experimental steady state temperatures are employed
in order to estimate the thermal conductivity of the liquid for each
experiment. The estimated conductivities for water and glycerol
for all experiments are shown versus the corresponding steady
state heater temperature in Fig. 8. In addition, the literature thermal conductivity–temperature curves for the two liquids are

0.8

ð9Þ

where the parameter C1 stands for the contribution of conduction
and the parameter C2 depends on Pr number. From the above relation it is expected that the ratio H of natural convection to conduction heat losses from the heater should have the form H = C(Pr)Ra1/4.
It must be stressed that a threshold Ra number for the onset of natural convection (similar to the well known one for the case of a restricted liquid domain, e.g. Benard problem [17]) has never been
reported in literature for the external heat transfer problem in an
inﬁnite domain. The lower limits for Ra number (between 1 and
10) given with the correlations have to do with the accuracy of
the corresponding correlation and not with the onset of natural
convection.
The ratio H can be estimated from the experimental steady state
temperature at 1.8 g given in Fig. 5a. In particular these temperatures are substituted in the equation

ð10Þ

where the heat losses account now also for natural convection:

-1
-1

Having analyzed the experimental data for the case of pure heat
conduction it is attempted now to derive quantitative information
for the magnitude of natural convection employing the experiments with gravity transition from low gravity (no detectable natural convection according to previous section) to 1.8 g. For Ra
numbers smaller than 1000, which is the case for the present
experiments, the ﬂow around the heater is strictly laminar. Many
relations can be found in the literature for the external heat transfer around an object immersed in an inﬁnite liquid domain regarding laminar natural convection [14,15]. Although in some cases a
generalized Churchill interpolation [16] is employed to connect
the conduction and natural convection regimes, in practice the
interpolation parameter is such that a simple linear addition can
be safely assumed. So, the general correlation for the Nusselt number given in literature has the form:

PðT t Þ ¼ Q ðT t Þ

0.7

Thermal Conductivity k (W m K )

3.3. Steady state analysis for Ra > Rathr: Onset of natural convection

Nu ¼ C 1 þ C 2 ðPrÞRa1=4

where the surface area of the prolate spheroid is computed as:



ab arccosðb=aÞ
2
A ¼ 2p b þ
sinðarccosðb=aÞÞ

shown. In general, the estimated thermal conductivities are very
close to literature values. The ﬂuctuation shows a stochastic part
which can be attributed to experimental noise (e.g. from the electronics) and a systematic part (most of the experimental data are
above the literature curves) which can be attributed to the
assumptions made: e.g. ignoring the effect of the ﬁnite size of
the connecting wires of the heater in the thermal domain, assuming a perfectly spheroidal shape of the heater, assuming that the
temperature at the end of the experiment is the steady state one.

0.6

Q¼
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!1
ðT t  T o Þ

ð11Þ

The above equation is solved for H which is shown in Fig. 9 versus the Ra number computed at the surface temperature Ti. The
equation for C2 proposed in literature (C3 is a constant depending
only on the shape of the object) is:

0.3

20

lnðcothðgÞÞ
d
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ
2
Ak
2
q
4p a  b kð1 þ HÞ

80

o

T / C
t

Fig. 8. Thermal conductivities of water and glycerol, estimated from the steady
state temperatures of the heater, compared to literature values.

0:681C 3
ð1 þ 0:492=PrÞ9=16

i4=9

ð12Þ

This relation reveals that at the temperature range of the experiments, C2 is close to constant so a power law with exponent 1=4 is
expected to relate H with Ra. For a prolate spheroid with the shape
of the heater it is C1 = 1.759, C2 = 0.948 [10]. It is clear from the
experimental data that the above power law does not hold. Instead
of a simple power law we were able to describe the experimental
data for H through a generalized power law of the form:
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hold at the interfaces between regions. The initial condition is
T = To everywhere and the boundary condition far-ﬁeld in the liquid
is T = To. Although the numerical solution of the above problem is
straightforward using an appropriate code, here the derivation of
an approximate semi-analytical solution is attempted which permits better insight in the structure of the problem.
The ﬁrst simpliﬁcation step arises from the fact that thermal
conductivities in domains V1 and V2 are similar to each other and
much larger than thermal conductivities in domains V3 and V4
(by more than 100 times). This results in a uniform temperature
proﬁle in regions V1 and V2. The evolution equation for the corresponding uniform temperature Tt can be found by taking the volume integral of Eq. (15) for V1 and V2 regions and applying Gauss
theorem:

0.14
experiment
fitted curve

0.12

nat. conv./cond.

0.1

0.08

0.06

0.04

V s qs cps

0.02

0
0

100

200

300
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500

Ra
Fig. 9. Ratio of natural convection-to-conduction contribution to heat transfer H vs
Rayleigh number. Experimental points and ﬁtted curve in water.

H ¼ 0 for Ra < 70:
H ¼ 0:0208 ðRa  70Þ0:311

ð13aÞ
for Ra 70:

ð13bÞ

Apparently, the Nusselt number correlation for natural convection derived from the present experiments will have a similar form.
The observed temperature changes when the gravitational acceleration goes from 1.8 to 1 g are too small (given their measurement
accuracy) to be able to act as additional conﬁrmation of the above
relation but, in general, they are compatible with it.
The present results indicate the existence of a threshold Ra
number for the onset of natural convection. In [18] it was shown
that the wake developed by the heated object has a size inversely
proportional to the Grashof number which implies that for sufﬁciently small Rayleigh, natural convection may interfere with remote solid walls. This, in turn, implies that there may be an
effect of the ﬁnite size of test cells in the observed temperatures.
In our case this includes also possible effects of the electrical wires
connected to the heater. So correlations for natural convection in
open geometries should always be accompanied by detailed spatial
conditions. In any case, the necessity of further experimental and
theoretical study of external natural convection heat transfer for
small Rayleigh number is evident. Theoretical studies for modulated gravitational acceleration in closed geometries have been
done for relatively large Rayleigh number in order to observe the
resulting ﬂow [19] but they can not say anything about the problem considered here.
3.4. Analysis of transient conduction for Ra < Rathr
At this section the focus is on transient heater temperatures
when only pure conduction is present. A more detailed modeling
approach is required in this case.
The following transient heat conservation equation must be
solved in this composite domain:

qcp

@T
¼ rkrT þ S
@t

ð14Þ

where the source term, S, is non-zero only in the V1 domain and the
physical properties qcp and k are different in each domain. The conventional temperature and heat ﬂux continuity conditions must

@T t
¼ PðT t Þ þ
@t

Z

kq

S1

@T
ds
@~
n

ð15Þ

where the subscript s stands for the properties (volume Vs, density
qs and speciﬁc heat capacity cps) of the inner part of the heater, ~
n is
the outwards normal at the surface S1 vector. The above equation
requires the knowledge of the transient temperature ﬁeld in the
V3 (quartz) region. A simple estimation of the characteristic heat
transfer time in the quartz region leads to a value (from s = d2/aq
where d is the thickness and aq is the thermal diffusivity of quartz)
of the order of 0.001 s. This time scale is very fast to be of interest
for the evolution of the measured temperature Tt so it can be assumed that the domain V3 has a quasi-steady state temperature
proﬁle. The solution of the Laplace equation in this domain degenerates to Eq. (17) where Ti is the temperature at the surface S2. This
temperature can be assumed uniform due to the small ratio of the
thickness d to the radius of curvature of the heater

Ti ¼ Tt þ

d
kq A

Z

kl

S2

@T
ds
@~
n

ð16Þ

R
R
where the equality S1 kq @T
ds ¼ S2 kl @T
ds is used. This equality is
@~
n
@~
n
derived by using the pseudo-steady state condition for the quartz
region and the heat ﬂux continuity at S2 surface. So far, there was
no need for solving the heat transfer equation in the domains V1,
V2 and V3. This is not possible for the domain V4 for which the equation must be solved in the exterior of a spheroid with a surface temperature Ti (t). Although the steady state heat transfer equation is
separable in the prolate spheroidal coordinate system, this is not
the case for the transient heat transfer equation. The following
approximate technique is used. At ﬁrst the physical properties of
the ﬂuid are assumed to have a constant value in the ﬂuid region
during each experiment despite the temperature evolution. This value is taken as the average temperature between To and the steady
state temperature for the particular experiment. Given the relatively slight variation of thermal conductivity with temperature,
the error of this approximation is small.
Let’s assume that the heater is spherical with radius R. If
f(t) = Ti(t)  To then the temperature ﬁeld in the liquid is given from
direct superposition of the Green functions for spherical geometry
as follows (r is the radial coordinate and aw is the thermal diffusivity of the liquid) [20]:

T ¼ To þ

R
r

Z

t

ðrRÞ2
rR
4a ðtt0 Þ
0
w
f ðt0 Þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
dt
4paw ðt  t 0 Þ3=2
t 0 ¼0

ð17Þ

This form of the solution is not appropriate for the computation
of the surface heat ﬂux since the integrand is undeﬁned at r = R. To
overcome this difﬁculty an integration by parts taking into account
that in the present case f(0) = 0, leads to:

2R
T ¼ T o þ pﬃﬃﬃﬃ
pr

Z

t

t 0 ¼0



df
0
dt

Z

1

2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

n¼ p rR 0
2 aw ðtt Þ

en dndt

0

ð18Þ
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Despite the double integral this expression is handled easier
than Eq. (18) and gives:

which is removed using the following discretization scheme (at
t = tk):

 
Z t0 ¼t  
@T
f ðtÞ
1
df
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dt
þ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ

¼
@r r¼R
R
paw t0 ¼0 dt0 t  t0

Z

ð19Þ

Multiplying by the surface area of the sphere and the thermal
conductivity of the liquid the following relation for the transient
heat loss from the sphere to the liquid is obtained:

R
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðT i  T o Þ paw

t 0 ¼t
t0 ¼0





df
1
0 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ0 dt
dt
tt

ð20Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ !
2
4p a 2  b k
ðT i  T o Þ
lnðcothðgÞÞ

ð21Þ

is used in place of QRs. The sphere radius R is replaced by the equivalent radius of the spheroid Rs (resulting by matching the two surface areas) which is the characteristic geometrical feature of the
particular problem, i.e. Rs = (As/4p)0.5. The whole procedure is similar to putting a singular solution of the transient heat transfer at the
center of the spheroid, an approach typically used in low Reynolds
number hydrodynamics [24]. The approximate solution is expected
to deviate somewhat from the exact solution at small times where
the developing temperature front is close to the surface and so the
exact shape of the surface is important. When the front has penetrated in the liquid far from the surface (larger times) the shape
of the surface is not important and the approximate solution is
accurate.
According to the above the approximate equation which must
be solved for the temperature of the heater is

ð24Þ

An analytical expression for the transient heat ﬂux from a
spheroid to a stagnant liquid was derived in [25] for the case of a
spheroid with small eccentricity. The solution is based on the perturbation expansion of the geometry with respect to the eccentricity of the spheroid (up to the second term). In addition to the
history term having the same form of the term for a sphere, new
more complex history terms appear but it was shown that their
practical signiﬁcance is much smaller than that of the basic history
term. Despite the serious arguments against the similarities between the transient heat transfer from spheres and objects with
other shapes [26] it is believed that during the approach to steady
state the temperature front is far from the heater surface so the exact shape is not important and our approach consists a valid
approximation.
The measured and the computed heater temperature evolution
curves for heater 1 with glycerol and water are shown in Figs. 10
and 11 respectively, for three different values of input voltage Vo.
Similar results are taken for the other heaters. In general, the
agreement between measured and theoretical results is very good
considering the approximate character of the theory and the accuracy of the measured results. All major features of the experimental curves are reproduced by the theory. Both the fast ﬁrst stage
and the slow second stage of temperature rise are adequately predicted. According to the theory, the approach to the steady state
temperature is very slow (asymptotically reached) requiring more
than 15 s. Assuming as steady state temperature for the theory the
experimental temperature for t = 15 s (T15) is the reason for the
slight discrepancy between theory and experiment at large times
i.e. the theoretical curves converge asymptotically to T15 whereas
the experimental temperature converges asymptotically to a
larger value not accessible experimentally. The approach to the
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where QRs is the well-known (pseudo)steady state heat losses from
a sphere (=4pRkl(Ti  To)). The integral term is a history integral
resulting from the diffusion of the temperature gradients in the
ﬂuid temperature ﬁeld. This term is analogous to the well-known
history term accounting for viscosity diffusion in the equation of
motion of spheres in ﬂuids [21]. The history term in the more general heat transfer equation from a sphere to a moving ﬂuid was ﬁrst
derived in [22] using Fourier transform and latter in [23]. These
authors have shown that its contribution to the transient heat
transfer may be signiﬁcant.
The corresponding relation for the case of a spheroid instead of
sphere is obtained by matching the pseudo-steady state terms. In
particular, the term for heat losses from a spheroid with temperature Ti

Q ss ¼

t 0 ¼0

 
 Z tj
k 
X
dT i
1
T j  T j1
1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dt
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ0 dt ¼
0
h
tk  t
dt
tt
t j1
j¼1

T / C

Q R ¼ Q Rs 1 þ

Z

t 0 ¼t
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It can be shown that the steady state solution of the above
mathematical problem corresponds exactly to the relation (7) previously used for the steady state heat transfer.
The system of the two equations must be solved numerically. It
is transformed in a set of algebraic equations by discretizing uniformly the time domain tj = jh (j = 1, 2, 3, . . .). The discretization
of the derivative term is straightforward using the forward Euler
method. The integral term includes a singularity in the integrand
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Fig. 10. Comparison between computed and experimental evolution of heater
temperature (glycerol, heater: thermistor 1) (solid lines: computed values, dotted
lines: experimental values).
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better the inﬂuence of the transient heat conduction in the liquid
to the heater evolution temperature, Fig. 12 compares the theoretical curves for glycerol (heater 1 and two values of Vo) with the corresponding curves for pseudo-steady state temperature ﬁeld in the
liquid (aW ! 1). In this case the temperature converges to its steady state exponentially with characteristic time s. The Figure conﬁrms that the slow second stage of the heater temperature rise is
neither due to the thermal capacity of the heater, nor due to the
non-linear relation between the heat source and the temperature
and is not an experimental artifact. This stage corresponds to the
dynamics of heat conduction in a semi-inﬁnite domain.
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Fig. 11. Comparison between computed and experimental evolution of heater
temperature (water, heater: thermistor 1) (solid lines: computed values, dotted
lines: experimental values).

asymptotic value is faster for the case of water due to the larger
thermal diffusivity of water with respect to that of glycerol.
Despite the agreement between experiment and theory which
conﬁrms the conductive nature of heat transfer in the low gravity
experiments, the slow convergence to the steady state is still surprising. Speciﬁcally, a conduction time scale for the particular
problem at hand is s ¼ ½ða þ bÞ=22 =aW which for the case of water
is about 0.16 s. How such a small characteristic time can be associated with a convergence time larger than 15 s? It is reminded than
in literature the diffusive ﬁeld around a sphere is considered to be
in steady state for t  s [27]. Although this argument is valid for
the temperature itself, it is not valid for the temperature gradient
which approach its asymptote value algebraically according to
Q  Q as / aw ðt=sÞ1=2 . This explains why the conductive time scale
is not appropriate to estimate the time scale of convergence of the
heater temperature to its asymptotic value. In order to illustrate
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Fig. 12. Computed evolution of heater temperature in glycerol compared to the
case of inﬁnite thermal diffusivity of liquid.

In the present work several experiments were performed in
water and glycerol where the temperature evolution of a sub millimeter size spheroid heater with a temperature dependent heat
source was recorded at low gravity. The primary scope was to
study the inﬂuence of residual g-jitters on the heat transfer from
the heater to the surrounding liquid. The results showed that a
minimum (threshold) Rayleigh number is required for natural convection to yield a measurable contribution to heat transfer process
(contrary to predictions of existing theories and correlations for
external geometries). This means that there is practically no inﬂuence of g-jitters on heat transfer and the only heat transfer mechanism for miniature heaters at low gravity conditions is pure
conduction. Using only conduction terms, an approximate mathematical model is developed for the transient heat transfer problem
in the experimental set up which describes the experimental data
sufﬁciently well. This is an additional conﬁrmation that the only
heat transfer mechanism at low gravity is conduction.
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