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Abstract
This work reviews the up to date state of understanding of dynamic phenomena occurring when gas bubbles grow over submerged heated
surfaces. Gas bubbles are produced on hot surfaces because the adjacent liquid layers become superheated causing local desorption of dissolved
gases while the liquid far afield remains at low temperatures. Non-isothermal degassing is a very complex process combining heat and mass
transport coupled with momentum exchange between the two phases. Difficulties due to buoyancy effects on gas bubbles as well as natural
convection of hot liquid layers hindered its thorough investigation in terrestrial conditions and only recent microgravity data allowed serious
progress to be made. To reduce the complexity, gas bubble growth on a heated wall was studied here separately from bubble lateral motion and
coalescence. A complete mathematical formulation was provided but given the inability to solve the problem numerically with the present
resources, a series of approximate solutions were attempted. The comparison between experimental observations and theoretical predictions
revealed useful information regarding the governing mechanisms of bubble growth.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Understanding the dynamics of bubble growth during
desorption of dissolved gases (degassing) in liquids is significant
⁎ Corresponding author.
E-mail address: karapant@chem.auth.gr (T.D. Karapantsios).
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for the effective design of many industrial applications. In many
applications degassing is caused by a reduction of system pressure
at ambient temperature, e.g. in cavitating turbines and pumps [1],
in carbonated drinks [2], and in liquid waste treatment by
dissolved air flotation [3]. In another class of applications desorption of dissolved gases is caused by raising the system
temperature, e.g. in the degassing of glass melts and glass
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powders [4,5], in the degassing of alloy powders [6], and in the
degassing of metal–carbon selective surfaces [7]. Moreover, in
many thermal processes, e.g. heat exchangers, boilers, distillation
columns, spray dryers etc., thermal degassing of liquid layers is a
detrimental side-effect which reduces liquid heat transfer
coefficients and evaporation rates by forming layers of air over
hot surfaces [8,9]. While decompression degassing has a global
volume effect, thermal degassing is usually imposed locally
through hot vessel walls or submerged heaters and so inevitably
yields temperature gradients (non-isothermal conditions) across
the liquid volume. Using partial vacuum to enhance degassing
lowers but does not extinct temperature gradients [10,11].
Early studies on bubble growth dynamics were performed
having in mind vapor bubbles controlled by heat transfer (nucleate
boiling) rather than dissolved gas bubbles where mass transfer
dominates (desorption). Despite the significant differences between
nucleate boiling and desorption in the involved time scales and the
underlying physical mechanisms, there are also a few points in
common: the momentum exchange between an expanding bubble
and the surrounding liquid and a qualitative analogy between heat
and mass transfer. Several of those pioneering studies focused on the
spherically symmetric growth of single, isolated, bubbles controlled
by heat transfer inside infinite liquids of constant superheat [12,13].
Among the few reported analytical solutions, the simple parabolic
law (R∼tn=0.5, where R is the bubble radius and t the time of
growth) introduced by Scriven [14] has been particularly successful
in describing single bubble growth in uniform temperature fields,
i.e., during nucleate boiling. The same expression proved also
useful in describing the quasi-isothermal mass-diffusion induced
bubble growth from supersaturated (with dissolved gas) solutions
during their global decompression [2,15–18].
Yet, there is experimental evidence in the boiling literature that
the exponent n can vary over a broad range of values e.g. from
∼0.3 b n b ∼0.75 [19,20], a fact which was partially attributed to
experimental difficulties because of the very short time scales
involved in boiling bubble production. Even the boiling experiments of [21] in a microgravity environment, where temperature
(density) driven convection was diminished, gave a value of n
close to 0.4 but of course the vigorous agitation created by fast
expanding bubbles was once more present. The diversity in the
reported values of n for nucleation boiling reflects both difficulties
in performing well-controlled experiments in such short time
scales and also possible contributions from several rate-controlling
mechanisms such as surface tension, viscosity and inertia.
Slowly growing single bubbles due to desorption of dissolved gases in supersaturated solutions follow quite accurately
the parabolic growth law [17,18]. However, deviations from it
were witnessed even in quasi-uniform temperature fields when
multiple bubbles (met in most industrial processes) are produced [22,23]. Exponents down to n ∼ 0.3 and irregular growth
curves were observed and were attributed to bubble coalescence
between neighboring nucleation sites.
Unfortunately, on earth the study of bubble growth is
complicated by various factors. Even under isothermal conditions (bubble production triggered by decompression) buoyancy
soon drives the bubble away from its nucleation site in a
direction opposite to gravity. So, only small bubbles and for a

brief period of time after their formation can be monitored before
departure from their nucleation site. From a practical point of
view this means that one should use fast cameras and high
magnifications at the cost of reduced spatial resolution. From a
physical point of view this means that one can monitor only high
and unstable growth rates as a result of the transient initial
growth after nucleation. In addition, decompression has a global
effect in the sample volume which may lead to an uncontrollable
production of many simultaneous bubbles that can obscure
observation and complicate the concentration field around the
bubbles. Distortion of bubble shape from sphericity under the
influence of gravity is usually a less dramatic effect (due to the
possibility of small bubbles) but yet unavoidable. Using a small
submerged heater to create local supersaturation and so have a
bubble standing at a specific location (nucleation site) of the
heater alleviates the situation but then the presence of gravity can
impose significant natural convection currents around the heater.
To surmount all these problems it is necessary to conduct
experiments in weightlessness. This unique environment (1)
allows to suppress natural convection of liquid thermal layers,
(2) let bubbles grow up to large sizes without departing from the
heater (field of view) and (3) avoids bubble shape distortion.
In a series of ESA (European Space Agency) Parabolic Flight
Campaigns, Karapantsios and co-workers [24–26] exploited the
low-g conditions achieved during the free-fall of an airplane to
study the slower (compared to boiling) bubble dynamics during
degassing of several liquids. Bubble production was triggered by
heat pulses given to a miniature submerged heater which raised
the liquid temperature locally creating supersaturation of
dissolved gas over the surface of the heater. Far-off, the bulk
liquid remained unaffected (at saturation conditions). Under
such non-isothermal but well controlled conditions, it was found
that the growth rate of single bubbles deviates from the parabolic
law to an extent depending on the liquid's physical and transport
properties; the slowest the growth rate the nearest to n = 0.5.
Thus, the interplay between heat and mass transfer during the
expansion of a bubble into the surrounding liquid can cause a
departure from the ideal parabolic law. Further deviations from
the parabolic law were observed due to the lateral motion and
interaction of bubbles over the surface of the heater. Different
behaviors were noticed for spherical and flat plate heaters, the
latter being technically and theoretically more difficult to tackle.
The scope of the present work is to present, formulate and
analyze the problem of the dynamics of bubble growth during
the non-isothermal desorption of a gas from supersaturated
solutions. Data from the low-g experiments of Karapantsios and
co-workers will be employed to demonstrate the features of the
problem. To our knowledge, these were the first experiments of
diffusion-induced bubble production of a dissolved gas that
were performed in weightlessness. Further to that, some of these
experiments were conducted at temperatures a little below the
boiling temperature of the liquids where also the contribution of
vapor pressure was significant. Such information is important
for the interpretation of bubble dynamics during subcooled
boiling at high superheats.
The outline of the work is as follows: First, the general
problem is described qualitatively based on the experimental
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observations and it is decomposed in constituent sub-problems.
Each one of these is analyzed according to the current stage of
knowledge in the literature and in particular the growth subproblem is formulated in detail by deriving the appropriate set of
equations since it is a rather unusual one. Then the experimental
set up is presented shortly. Finally, several approximate solutions
to the growth problem are presented in a hierarchical manner and
their results are discussed in relation to experimental data.
2. Theory
2.1. General
Several phenomena occur over a heated surface that is immersed
in a liquid saturated with a dissolved gas in a microgravity
environment. These phenomena take place simultaneously or
sequentially depending on the particular set of conditions (heat
flux, gas–liquid system). In the case of a free-of-gas liquid, turning
on the power supply would simply rise the temperature of the heater
up to the point of thermal equilibrium between the input heat and
the heat losses to the liquid (through conduction in the absence of
gravity). But for the case of a gas saturated liquid, at some moment
during the elevation of the heater's temperature, bubble nucleation
takes place. This nucleation can be of quasi-homogeneous or of
heterogeneous nature [27,28]. The main difference between the two
types of nucleation is that in the former the nucleation occurs at
random positions on the surface of the heater whereas in the latter
the bubbles are generated always at the same preferential positions
requiring lower energy. These preferential positions are usually
surface defects which retain gas pockets from previous nucleation
events. Once a bubble appears on the surface of the heater, it grows
in a very specific way determined by heat and mass transfer and by
the local geometry. There are cases that the growing bubble at some
moment depins from its nucleation site and starts to move across the
hot solid surface. In cases of single bubble generation (e.g., at low
heat fluxes) the bubble leaves the surface (due to g-jitters) before
the generation of the next bubble. In cases of multiple bubbles
generation (e.g., at high heat fluxes), a coalescence step usually
precedes the detachment. Obviously, the above phenomena cannot
be analyzed simultaneously so it is important to examine them one
at a time in order to understand the cause and the corresponding
driving mechanism for each one of them. The sequence of the
occurring phenomena is shown schematically in Fig. 1. The double
arrow denotes the phenomena that may occur simultaneously for
the same bubble. The emphasis here is to the phenomena described
in the shaded boxes.
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having a point contact (zero contact angle) with the heater (a
glass-coated thermistor, see Section 3). The complete physical
problem includes:
a) Transient heat conduction equation with a non-linear heat
source (temperature-dependent ohmic resistance) in the heater.
b) Navier–Stokes equation in the fluid (liquid and bubble)
domains. The liquid motion is set by (i) bubble growth (ii)
thermocapillary motion due to a temperature gradient along
the bubble surface.
c) Transient convection–diffusion equation for heat and mass
transfer in the two fluid domains.
Several simplifications can be made on the physics of the
problem based on the values of the ratios of the rates of
occurring phenomena and on the values of the ratios of some
physicochemical parameters:
1) The heater is assumed to have a uniform (but varying with time
t) temperature Te(t) due to the large ratio of its material thermal
diffusivity with respect to the liquid thermal diffusivity.
2) Thermal and mass diffusivity are two orders of magnitude
larger in the gas of the bubble than in the surrounding liquid,
so transient and convection effects can be ignored inside the
bubble compared to the liquid phase.
3) The density and thermal conductivity of the bubble gas are
negligibly small in comparison with those of the liquid.
4) The evaporation of liquid on the gas–liquid interface occurs
infinitely fast. This means that thermodynamic equilibrium
is assumed at the interface, with the assumption of an ideal
mixture, so that the mole fraction of the vapor at the interface
can be directly related to the instantaneous temperature, and
the solute gas concentration in the liquid at every point on the
interface is the equilibrium solubility corresponding to the

2.2. Bubble growth
2.2.1. Simplifications
The mechanism of the non-isothermal bubble growth is
complicated and certainly different from the isothermal one
encountered during decompression, combining heat and mass
transfer, phase change and fluid dynamics. Based on experimental observations of Karapantsios and co-workers [24–26]
and on literature data of contact angle on glass, a slowly
growing bubble can be assumed to be of a spherical shape

Fig. 1. A schematic of the main phenomena occurring during the degassing on a
heated solid surface.
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temperature at that point. This leads to variation of the gas
phase mole fraction along the interface. In addition, the latent
heat of the evaporating liquid can be shown to be insignificant
with respect to the heat flux from the heater so it can be
ignored.
5) The bubble growth is very slow with respect to flow
dynamics so a pseudo steady-state flow field can be assumed.
The geometry of the problem and the definition of the
spherical coordinate system used below are shown in Fig. 2.
Given the aforementioned assumptions the problem is described
in mathematical terms as follows:
2.2.2. Field equations
2.2.2.1. Bubble domain
j2 Tg ¼ 0

c ¼ ceq ðT Þ

j xv ¼ 0

ð2Þ

where Tg is the gas temperature and xv is the vapor molar
fraction in the bubble.
2.2.2.2. Liquid domain
AT
Y
Y Y
þ qS c p Y
u j T ¼ jk j T
At

gas mass conservation ðtransientÞ

Ac YY
Y Y
þ u jc¼ jDjc
At

Y
continuity equation j Y
u¼0

ð3Þ
ð4Þ
ð5Þ

Y
Navier  Stokes ðpseudo  steady stateÞ Y
u jY
u
Y Y
¼ jm j Y
u

ð8aÞ

where ceq is the solubility of gas in the liquid at temperature T
and pressure Pb (bubble pressure) or equivalently, at partial
pressure of gas Pg [29].
No heat penetration towards the bubble

AT
¼0
AY
n

ð8bÞ

This condition emerges from the small value of the gas-toliquid thermal conductivities ratio.
The momentum balance at the interface of the bubble
(equivalent to the Rayleigh–Plesset equation) under the slow
growth conditions prevailing in degassing degenerates to the
following condition for the pressure Pb inside the bubble

ð1Þ

2

heat conservation qS cp

2.2.3.2. At S2 (bubble surface)
2.2.3.2.1. Liquid side

Pb ¼ Pl þ

2r
R

ð9Þ

where P∞ is the pressure in the liquid and σ is the surface tension of
the gas–liquid interface. The bubble pressure is the sum of the gas
pressure Pg and vapor pressure PL. Surface tension σ has an effect
only at the very early stages of growth [30], being insignificant in
the period of practical importance for which then Pb =P∞.
The normal velocity un of the liquid on the surface of a
bubble which grows keeping constant not its center but a
particular point of its surface (contact point with the heater), is
un ¼

dR
ð1 þ coshÞ
dt

ð10Þ

where θ is the angular coordinate of a system of spherical
coordinates r, θ (no φ-dependence is considered due to

ð6Þ

where T is the liquid temperature, c is the dissolved gas
concentration in the liquid and Y
u is the velocity field in the
liquid. The symbols k,ν, and D denote the liquid thermal
conductivity, liquid kinematic viscosity and gas-in-liquid
diffusion coefficient, respectively. The density ρℓ and the
specific heat capacity cp refer to the liquid phase. It is noted that
in the general case k, D and ν are not constants but are functions
of temperature.
2.2.3. Boundary conditions
2.2.3.1. At S1 (heater's surface)
heater Vs temperature T ¼ Te

ð7aÞ

No slip condition for liquid velocity Y
u¼0

ð7bÞ

No gas penetratrion condition

Ac
¼0
AY
n

where Y
n denotes the direction normal to the surface.

ð7cÞ
Fig. 2. Schematic and coordinate system definition for the spherical heater–
bubble system.
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axisymmetry) having as center the center of the bubble. The
point r = R, θ = 0 corresponds to the bubble–heater contact point.
Shear stresses τns appear on the surface of the bubble due to
the surface distribution of surface tension induced by the surface
distribution of temperature. This boundary condition is responsible for the onset of thermo-capillary motion in the liquid.
sns ¼

1 dr
R dh

ð11Þ

where the index s denotes the local coordinate tangential to the
interface.
2.2.3.2.2. Gas side. The local vapor molar fraction at the
surface of the bubble can be found from the vapor pressure of
the liquid PL and bubble pressure Pb.
xv ¼

PL ðT Þ
Pb

ð12Þ

At the gas/liquid interface, the temperatures of the two fluids
must be the same
Tg ¼ T

ð13Þ

2.2.3.3. Far field conditions. For a liquid domain large
enough with respect to the size of the heater and the bubble, one
can assume an infinite medium with far field temperature and
concentration equal to the initial ones (for simplicity,
corresponding to saturation conditions).
T ¼ To

ð14aÞ

c ¼ co ¼ ceq ðTo Þ

ð14bÞ
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the absence of bubbles, the heat transfer coefficient h
corresponds to pure conduction but when a bubble is formed
there are also convective contributions due to Marangoni
motion initiated by the bubble surface. In this way (as it was
inferred theoretically and confirmed experimentally) the bubble
initial formation and further development determines the
evolution of the temperature Te.
For a negligible time delay between the onset of heating and
bubble nucleation, the initial conditions for the above problem
is that at time t = 0 (moment of nucleation) the bubble radius is
R = 0 the concentration is everywhere c = co and the temperature
is everywhere T = To. The mathematical problem is extremely
difficult to be solved since it contains an evolving interface in 3D space combined with the solution of Navier–Stokes and
convection–diffusion equations in moving domains. Already
the corresponding 1-D moving interface problem is stiff enough
due to the explosive bubble growth at the first stages and it
requires special treatment for its numerical solution. Several
schemes of variable transformation have been proposed in order
to immobilize the moving interface. But even then, dense
geometric grids are required for the discretization of the
resulting equations [31,32]. So the difficulty in solving a 3-D
problem of this type is obvious. Additional complexity arises
for the need to resolve simultaneously the flow field generated
by Marangoni convection on every instant. The Marangoni
number is huge due to the large temperature gradient, rendering
the numerical problem extremely stiff. Each one of the above
phenomena could be resolved using state-of-the-art CFD codes
(e.g. [33]) but their combination is still beyond the present
capabilities of computational fluid dynamics.
2.3. Bubble motion on solid surface

2.2.3.4. Total mass balance condition. The global gas balance
determines the bubble growth rate as follows:
Z
4k dqgave R3
Ac
ð15Þ
¼D
YdS
3
dt
S2 A n
where the average gas molar density in the bubble can be found
from
Z
1
Pb
qgave ¼
ð1  xv Þ
dV
ð16Þ
Vb Vb
Rg Tg
Rg is the ideal gas constant.
2.2.3.5. Heat balance for the heater. The evolution of the
uniform temperature of the heater is given from the following
heat balance
qs cps V

dTe
¼ Q þ hAðTo  Te Þ
dt

ð17Þ

where Q is the heat per unit of time released at the ohmic
resistance of the heater and ρs, cps are the density and specific
heat capacity of the material of the heater. V and A are the
volume and surface area of the thermistor. Eq. (17) is a very
important one determining the final temperature of the heater. In

From experimental observations it was found that even
single bubbles can undergo lateral motion across the surface of
the heater as they grow [26]. Although a naïve explanation
would be to blame the action of g-jitters components parallel to
the heater's surface, this cannot be a dominant effect since the
motion pattern of the bubble is repeatable whereas g-jitters are
not always the same. It is believed that the main reason for the
lateral migration of single bubbles is thermocapillarity in a
direction parallel to the heater's surface due to non-uniform
curvature of the solid wall in this direction. As is shown in
Section 3, the heater employed by Karapantsios and co-workers
was a miniature axisymmetric thermistor. To elucidate the
problem let us assume a bubble on the heater (thermistor)
surface as in Fig. 3. The motion around the axis of symmetry is
not considered since in that direction there is no driving force
for thermocapillary migration. Due to thermocapillary convection around the bubble, which drags liquid from the hot region
of the heater towards the cold bulk, the bubble is pushed
towards the surface of the heater and so stays attached to it even
for a zero contact angle. The possible positions of the center of
the bubble are indicated by the dashed line defined as the locus
of points with a distance R from the heater surface in the
direction normal to the surface. Now instead of trying to solve
the complete three dimensional heat transfer-fluid flow problem
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Fig. 3. A schematic of the bubble on a non-spherical heater.

one can employ the approximation of [34] (for the linear case)
to find the following expression for the velocity U of the surface
motion of the bubble:
U¼

 

fq R dr
ATl
2l dT
AS S ¼S o

ð18Þ

where fq is the so-called hindrance (inverse enhancement of the
drag coefficient due to proximity to a solid surface) parameter
(0 b fq b 1) depending on the distance between the bubble and the
wall, T∞ is the undisturbed temperature field (in the absence of
bubble), ℓ is the length along the dashed line and ℓo denotes
the current position of the bubble. The steady state temperature
profile due to conduction in the region of a solid surface
depends on the surface curvature. For convex surfaces the local
temperature change is inversely proportional to the local surface
curvature. This means that the derivative in Eq. (18) is non-zero
and leads to a bubble motion induced by surface curvature nonuniformity with direction from the smaller to the higher
curvature (convex surfaces). This motion in the present case
is complicated by the existence of g-jitters and surface
roughness which influences q. The gap between bubble and
wall is of the order of micrometers [35] so even for a glass
coated surface the roughness can influence the gap thickness
and the bubble motion. Additional complication arises from the
co-current growth of the bubble. As the bubble size increases,
the derivative in Eq. (18) decreases radically. This may explain
why the bubble motion stops as it grows larger.
2.4. Coalescence
The coalescence between multiple co-existing bubbles
attached to a heated solid wall is a well known phenomenon.
According to [34] there are two ways in which thermocapillarity
contributes to bubble coalescence: (i) as it has been already
mentioned lateral temperature gradients lead to bubble
migration. But what happens in the case of an immobile bubble
anchored stably on a heated wall? As already described, the
bubble acts as a pump dragging liquid from the adjacent region
of the hot wall and throwing it in the bulk of the liquid (jet
formation). This phenomenon has been studied both theoretically [36] and experimentally [37] and there is evidence [38]
that this liquid entrainment is an important mechanism for

cooling (lowering the temperature) of the heater. Now as
regards the coalescence of multiple bubbles, the jet created in
the liquid by each bubble pulls the other bubbles towards it. (ii)
Each bubble generates a radial temperature profile around it
with the bubble itself being the hottest point and the temperature
gradually to drop as the distance from the bubble increases. This
means that any other bubble in the vicinity of the first bubble
will undergo thermocapillary migration towards the first bubble.
The two mechanisms can be assumed to be additive as far as the
liquid entrainment described in (i) does not alter the temperature
field (Marangoni number Ma ≪ 1).
The way of action of the above two mechanisms is clearer for
a pair of a large and a small bubble. The large bubble is assumed
fixed in space “attracting” the mobile small bubble. The
complete mathematical problem including multiple bubbles and
wall interactions and non-linearity is exceedingly difficult to be
solved. Several approximate solutions have been developed for
the particular case Ma ≪ 1 and Reynolds number Re ≪ 1
exploiting the linearity of the problem. In [34], the flow and
temperature fields around an immobile bubble attached to a
heated wall are computed using multipole expansions and then
the liquid entrainment and thermocapillary migration contributions are superimposed to give the bubble–bubble approach
velocity. In a subsequent work, [35], the approach is improved
adding a factor which hinders the motion of the bubble (with
respect to that of the liquid) due to the existence of the solid
wall. Good agreement between theoretical and experimental
bubble approach velocities was found. The problem of
simultaneous interaction between two equal bubbles both
being free to move was solved recently employing a
computational fluid dynamic code, [39]. The non-linearity has
been accounted for in a heuristic way using expressions for a
single bubble from [40]. In all the above cases the existence of
the heated wall is represented by setting a linear velocity profile
far from the wall. Setting a Dirichlet condition on the wall is not
possible since there is no steady state solution for the
conduction heat transfer problem in the plane geometry. In
addition, inertia of the bubble was not taken into account based
on the assumption of Re ≪ 1. The mathematical problem here is
much better defined than the corresponding one for the plane
wall since for the present geometry the temperature field has a
steady state solution so the Dirichlet boundary condition for the
wall temperature can be employed. Despite the ease in
formulation, the mathematical problem is very difficult to be
solved for the present conditions (finite Re and Ma numbers). It
is believed that in the case of non-zero Ma like the present one,
convection dictates the temperature profile so only the liquid
entrainment mechanism contributes to coalescence.
3. Experiment
The experimental set up has been described in detail by Divinis
et al. [24,25]. Here the major components are briefly presented.
The core of the equipment was an ultra-precision thermostat unit
into which an exchangeable sample cell unit was inserted. For
every flight, ten sample cells were taken onboard and kept under
thermal control inside a second auxiliary thermostat. The cells
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were specially designed to maintain their measuring chamber
completely full with liquid at all times so as to prevent free float of
liquid in microgravity. The pressure inside the cells was kept at
ambient values by means of an elastic membrane sealing a port of
the cells. This work presents only results of bubbles growing on
the surface of a small, axisymmetrical, glass-coated, NTC
thermistor (Thermometrics, Inc. rth = 0.125 mm, nominal) serving
as a local roughly spherical heater. Bubble images from this heater
were recorded by a CCD color camera with 1k × 1k pixels, 24-bit
resolution RGB and acquisition rate of 25 frames per second.
Continuous heat pulses of constant power were applied to the
heater through a special circuitry. The power of the pulses was
constant through each run but varied among runs. Registering
the voltage drop across the heater allowed the delivered power
and temperature of the heater to be estimated. For all runs the
bulk liquid temperature was maintained at 32 °C.
The test liquids for which results are presented here are
deionized water, glycerin/water mixture 42/58% w/w and nheptane (99.0%, Panreac quimica). These liquids were initially
saturated by prolonged bubbling with CO2 (99.99%, air metal). The
experiments were conducted during the 35th and 38th ESA's
Parabolic Flight Campaigns (PFC). Each run was conducted during
a separate parabola with the acceleration of gravity fluctuating
within ±2.6 ×10− 2 g. The low gravity period was slightly different
among parabolas but on the average lasted approx. 20 s.
4. Results–discussion
The main effort so far in this lab has been focused on the
problem of single dissolved-gas bubbles growing over heated
surfaces. The problem is rather prototype and has not been
studied in literature perhaps due to the serious disturbances
created by gravity. To get the right picture, it is important to
review first the main features of the experimental growth curves
as observed under microgravity conditions [24–26]. In all
examined fluids, bubbles grow fast at the beginning and
gradually slow down at later stages. The bubble growth rates
measured in n-heptane are much higher than those measured in
water and glycerin/water solutions. This is so despite the fact
that the heating powers (and heater temperatures) employed in
n-heptane are the lowest of all. Thus, the physical properties
of the test liquid appear to dictate the rate of growth over and
above the input power (heater temperature). Another significant
observation is that for the same liquid, increasing the
temperature of the heater produces progressively larger bubbles.
This does not continue infinitely but stops at a certain temperature (different for each liquid) beyond which any further
increase has no significant effect on the size of the bubble.
Our first approach to cope theoretically with the problem was
based on the naïve assumption of a uniform temperature along
the surface of the bubble, equal to that of the heating surface Te.
The geometrical complications were ignored and the onedimensional bubble growth problem was considered. The
existence of the heating surface was replaced in the 1-D
approximation (spherical system of coordinates) by a heat
source inside the bubble. This 1-D problem was similar to the
well-known problem of gas bubble growth inside infinite
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liquids of constant supersaturation controlled by heat and mass
transfer [14]. Based on the experimental data for the thermistor
temperature (Te ≅ constant, see below), an analysis was
performed first for the case of constant (in time) and uniform
(in space) bubble temperature. Using standard techniques it was
found that the mathematical problem exhibits a self-similarity
solution implying a square root dependence of the growing
bubble radius on time. The key feature of this (self-similar)
solution is that the concentration and temperature profiles in the
liquid have a time independent shape provided that the spatial
dimension is scaled with the increasing bubble radius. The
evolution of the bubble radius is given as:
pﬃﬃﬃﬃ
R ¼ 2b at
ð19Þ
where α = k / (ρ1cp) is the thermal diffusivity of the liquid. The
temperature and concentration profiles with respect to the
spherical coordinate r, are given as:
T  To
Iðs; bÞ
¼
Te  To Iðb; bÞ

ð20Þ

c  ceq ðTo Þ
Iðks; kbÞ
¼
ceq ðTe Þ  ceq ðTo Þ Iðkb; kbÞ

ð21Þ

rﬃﬃﬃﬃ

where k ¼ Da , and s ¼ 2pr ﬃﬃﬃ
is the self-similarity
The
R l variable.
at
3
2
function I is given from the integral Iðx; bÞ ¼ x y12 ey 2b =y dy.
The parameter β is found from the solution of the following
transcendental equation:
2

uðbkÞ ¼ uðbk; bkÞ2ðbkÞ3 e3ðbkÞ ¼ Fm

ð22Þ

where
Fm ¼

ðceq ðTe Þ  ceq ðTo ÞÞRg Te
Pb  PL ðTe Þ

ð23Þ

The parameter Fm is the main dimensionless parameter of
the bubble growth problem and since it is similar to the one

Fig. 4. Dependence of the correction factor Cf on the slope γ of the diffusivity–
temperature linear dependence for several pairs of the parameter λ and the
Foaming number Fm.
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value problem. Alternatively, the following approximated
explicit solution derived in [44] can be used:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð25Þ
R ¼ 2PDðTo Þt
where
P ¼ Dm P̄

ð26Þ

P̄ ¼ 2ð0:7063 þ 0:4545
pﬃﬃﬃﬃﬃﬃ
Fm þ 0:1591Fm Þ2 Fm

for Fm b0:89

P̄ ¼ 2ðFm þ 0:3232Þ2 for 0:89bFm b5:7
pﬃﬃﬃﬃﬃﬃﬃﬃ
P̄ ¼ 2ðFm 3=k þ 4=9Þ2 for Fm N5:7
Z
Fig. 5. Dimensionless concentration profile in the liquid for variable (γ = 0.5)
and constant (γ = 0) diffusivity and for two values of the Foaming number Fm.

l

T  To
y
¼ Z
Te  To

x2 e

l

ðx1 þx2 =2Þ

P̄
k2 km

ð27aÞ
ð27bÞ
ð27cÞ

dx
ð28Þ

P̄
1
2
2 ðx þx =2Þk2 km d x

x e
called Foaming number in the polymer foaming literature (e.g.
[41]), this terminology is adopted here. The Foaming number is
actually the ratio of the convection (induced by the bubble
surface expansion) to the diffusion contribution to the bubble
growth rate. It is worth to note that the diffusivity does not
appear explicitly in the Foaming number since convection is
also proportional to diffusivity (as diffusion) so it is eliminated
between the numerator and the denominator and only net
driving forces eventually show up in the ratio. The energy input
rate, W, to the bubble needed to ensure bubble growth under a
constant temperature, varies also with the square root of time:

W ¼ 16kb3


1 pﬃﬃﬃﬃ
at
kðTe  To Þ
uðbÞ

ð24Þ

The above solution is based on the assumption of constant
transport properties k and D. Yet, the temperature profile
established around the bubble implies that the local temperature
can vary in a range of several decades of degrees Celsius
leading to a variation of the diffusion coefficient even up to
300% [25]. This means that the variation of the transport
properties of the liquid must be taken into account in the bubble
growth problem. A variation of the diffusion coefficient with
respect to the gas concentration has been considered previously
in [42] and [43]. The above authors showed that a self-similar
solution still exists but the constant βλ had to be found from the
numerical solution of a non-linear boundary value problem.
Asymptotic solutions were given for the cases of small and large
Fm. The situation here is more complicated since there are two
fields dictated by diffusion–convection type of equation and
they are fully coupled through the fluid velocity dependence on
mass transfer and diffusivity dependence on the temperature. It
was shown [44] that even in this case a self-similar solution to
the problem can still be derived. But now the growth constant
has to be found from the solution of a complicated boundary

1

km ¼

kðTe Þ þ ðTo Þ
2kðTo Þ
Z

l

DðTe Þ
1
2
DðTo Þ DðT
Dm ¼
e o Þ P̄ðx þx =2Þ dx
2
x DðT Þ
Z1 l
DðTe Þ
1
2
1 DðT

e o Þ P̄ðx þx =2Þ dx
2
x
1

ð29Þ
1
ð30Þ

The notation D(T) and k(T) denotes the dependence of the
gas-in-liquid diffusivity and liquid conductivity on temperature.
The growth factor P is related to β in Eq. (19) through:
P = 2β2λ.

Fig. 6. Experimental and approximated (constant bubble temperature) bubble
radius evolution curves for the system CO2–water and two heater temperatures.
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Fig. 7. Isotherms (with spacing 0.05(Te − To)) in the liquid around the bubble–heater system for three values of the bubble-to-heater radius ratio (q = 0.25, 1, 3,
respectively).

In order to get some quantitative feeling of the effect of the
temperature dependent diffusivity on bubble growth rate, a
linear diffusivity–temperature relation is assumed:


T  To
DðT Þ ¼ DðTo Þ 1 þ g
Te  To

ð31Þ

where γ is a coefficient varying between 0 and 1.
The ratio Cf of the growth factor P for the diffusivity given
by Eq. (31) to the growth factor for constant diffusivity (D(T) =
D(To)) is shown in Fig. 4 for two values of the Foaming number
and two values of the parameter λ. It is interesting that the Cf(γ)
curves can be approximated by straight lines with zero intercept
up to values of γ equal to unity. In general, the increase of the
Fm number, increases the influence of the diffusivity–
temperature dependence on bubble growth. The (self-similar)
profiles of the dimensionless gas concentration (cd = (c − co) /
(ceq(Te) − co)) in the liquid for constant and temperature
dependent diffusivity (γ = 0.5) and for two values of Fm are
shown in Fig. 5. It is obvious that the effect of temperature
dependent diffusivity is to make the concentration profile
steeper.

Fig. 8. Dimensionless temperature on the surface of the bubble versus the angle
θ for several values of bubble-to-heater radius ratio q. θ = 0 represents the
contact point of the bubble to the heater.

An attempt to compare the theoretical growth curves based
on a constant bubble temperature (that of the heater)
approximation to the corresponding experimental curves
revealed that whereas the theoretical t1/2 behavior is followed
at the early stages of bubble growth, at later stages the actual
growth rate is smaller than the theoretical one. A typical
comparison between the experimental and the theoretical
growth curves for CO2 bubbles in water and two values of
heater temperatures is shown in Fig. 6. It is clear that only data
obtained at microgravity conditions could address this issue
because then bubbles are allowed to grow for several seconds
and become sufficiently large without distortion from sphericity, departure from the heater or natural convection currents in
the liquid around them. The stronger proof, however, for the
failure of the constant bubble temperature approximation is the
fact that the heating rate required to keep the bubble growing at
constant temperature soon exceeds the power given by the
heater [24]. The bubble actually has to grow in the temperature
field developed around the heater and based on the local liquid–
gas temperature equilibrium, a 3-D temperature profile is

Fig. 9. Evolution of the ratio of the radius of a bubble growing non-isothermally
(with just a single point contact with the isothermal heater, Te ≅ constant), to the
radius of a bubble growing altogether isothermally (at the temperature of the
heater T = Te ≅ constant), for several values of the foaming number Fm
(dimensionless time τ = Dt /R2h).
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Fig. 10. Comparison between exact (Eq. (22)) and approximate (based on Eq.
(38)) values of the bubble growth constant.

developed in the bubble. As the bubble grows it is exposed to
colder liquid so the growth rate is reduced compared to the one
corresponding to the constant bubble temperature. This is
shown schematically in Fig. 7 where one can see the
temperature contour plots at three stages of the bubble
evolution. Initially the bubble is very small, its temperature is
very close to that of the heater and the initial t1/2 behavior of the
experimental curves can be explained. So the existence of the
heated surface creates an intra-bubble temperature distribution
and destroys the self-similarity of the mathematical problem.
The Marangoni motion set up by the temperature variation on
the surface of the bubble acts to bring the bubble back to the
heater temperature (i.e. to weaken the effect of the 3-D
geometry on bubble growth).
In order to quantitatively assess the influence of the geometry
and to confirm the reduced bubble growth rate observed
experimentally, an approximate solution to the bubble growth
problem on a spherical heater was attempted in [45]. The
Marangoni effect was ignored in order to find the maximum

Fig. 12. Measured heater temperature (symbols) and estimated by the inverse
problem approach average bubble temperature for the system CO2–water for
two different heating runs (two different heater temperatures).

possible influence of the geometry on the bubble growth rate. In
addition, it was assumed that the heat transfer dynamics is faster
than mass transfer dynamics so a pseudo-steady state temperature distribution in the liquid could be used. This distribution
was found by solving the conduction equation in bispherical
coordinates using the separation of variables technique. The
temperature distribution on the surface of the bubble is used in
order to find the local equilibrium concentration of the dissolved
gas and the average gas density in the bubble. Finally, assuming
a large Foaming number and invoking the results shown in [23]
the diffusion–convection equation was solved locally on a thin
boundary layer. The resulting set of equations for the evolution
of the bubble radius is:
!
Z g
pﬃﬃﬃ
g
dR
1
1
AUðRÞ
2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ dg V
pﬃﬃﬃ pﬃﬃﬃ 1 þ
¼ DR Fm
dt
q̄ gave k g
g  gV
g¼
V 0 Ag V
ð32Þ
dg
¼ DR4
dt

ð33Þ

where
Z
UðRÞ ¼



p

0

q̄ gave ¼

Tgave

xvave
Fig. 11. Experimental bubble radius evolution curves (symbols) and the
corresponding fitted curves employed by the inverse problem procedure for CO2
dissolved in three different liquids.


ceq ðTs Þ  co ð1  coshÞsinh
dh
2
ceq ðTe Þ  co

1  xvave
Te
ð1  PL ðTe Þ=Pb Þ Tgave

1
¼
2

Z

p

Ts ðhÞsinhdh

ð34Þ

ð35Þ
ð36Þ

0

1
¼
2Pb

Z

p

PL ðTs Þsinhdh

ð37Þ

0

Ts = Ts(θ) is the temperature profile on the bubble surface and
can be found from the closed form series solution for the
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temperature field in the bispherical system of coordinates. This
temperature profile is shown in Fig. 8 for several values of the
bubble-to-thermistor radius ratio q (q = R / Rh where Rh is the
radius of the spherical thermistor) and several angular positions,
θ, around the bubble. It is evident in the Figure that the local
angular temperature on the bubble decreases as its size
increases. For large bubbles only a small portion of the bubble
close to the heater can “feel” the temperature of the heater. The
ratio of the bubble radius growing on a heater of temperature Te
to the bubble radius growing at constant temperature Te is
shown in Fig. 9. This Figure is in accordance with the
experimental finding that the t1/2 rule is obeyed initially but
then the growth rate is reduced. It must be stressed though that
the reduction in practice is smaller than the one displayed in
Fig. 9 due to the counterbalancing effect of the Marangoni
phenomenon which was not accounted for in the above analysis.
Furthermore, it must be noted that both the experimental and
theoretical R(t) curves can be fitted by power law curves with
exponents smaller than 0.5 which is in accordance with the
bubble growth behavior observed during boiling experiments
under microgravity conditions [21].
The above approximate solutions for the bubble growth
problem are capable of giving only the two (upper and lower)
bounds for the actual situation. The direct solution of the
complete problem (including Marangoni convection) is not
feasible at present as it has been already referred and
consequently the inverse problem of estimation of unknown
parameters from experimental results is out of the question.
In order to exploit the microgravity experimental results of
bubble growth data and heater temperatures, the actual problem
is approximated by the one dimensional problem of a bubble
growing at a uniform but time dependent temperature. This onedimensional problem is based on a completely different
approach than the one presented above based on the uniform
temperature assumption. Above, the computation could be
performed only after assuming that the bubble temperature is
spatially uniform. Here, uniformity simply refers to a spatially
average value of the bubble temperature predicted from a fitting
procedure of the data although it is fully understood that the
bubble surface has actually a non-uniform temperature. The
predicted temperature must be a good approximation of the
surface average of the actual bubble temperature. So, by solving
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Fig. 14. Coalescence of four (4) bubbles attached to the spherical heater at (a)
t = 0 s and (b) t = 0.16 s, Tthermistor = 80 °C.

the inverse problem based on experimental bubble growth
curves the evolution of the spatially average bubble temperature
can be inferred. But still the simplified problem consists of
partial differential equations with moving boundaries making
the inversion procedure very elaborate. For this reason a
simplified solution to the direct problem has been developed in
[25]. A pseudo-steady state temperature profile was assumed
and explicit asymptotic solutions were derived in the limits of
small and large Foaming number for the general case of time
dependent bubble temperature. The two asymptotes were
combined using a generalized interpolation rule to get an
equation valid for all values of Fm:
dR 1
¼
dt
R




0:8 !1:25


To þ Tb 0:8 6 2
Fm D
þ Fm DðTb Þ
k
2
ð38Þ

Fig. 13. Instants during bubble displacement across the surface of the spherical
heater (thermistor), Tthermistor = 45 °C.

where Tb = Tb(t) is the unknown spatially average temperature
of the bubble surface and D(T) denotes the temperature
dependence on diffusivity. In the case of a constant bubble
temperature and diffusivity independent from temperature
(Tb = Te) the mathematical problem exhibits the self-similarity
solution already described. In this case the approximate Eq. (38)
also predicts the t1/2 radius dependence with a growth factor β /
λ very close to the exact one as shown in Fig. 10. Using this
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approximate solution, the inverse problem becomes trivial; the
temperature evolution Tb(t) can be found from the solution of
the algebraic equation:

0:8 !1:25


To þ Tb 0:8 12 2
F DðTb Þ
2Fm D
þ
k m
2
 2
dR
¼
dt exp






2

dR

problem an extension of earlier formulations along with a series
of simplifications must be performed. As explained in a
previous section, there is already some experience accumulated
by other works on the subject but it remains to be quantitatively
adjusted and extended for the particular problem.
5. Conclusions

ð39Þ

The time derivatives dt exp are computed by first fitting low
order polynomials to the R2 experimental curves and then
differentiating them analytically. To get an idea of the fitting
quality, typical experimental R(t) curves for several liquids and
the corresponding fitted curves are shown in Fig. 11. The result
of the inverse problem is the estimation of the average bubble
temperature and a typical case for CO2 bubbles growing in
water is shown in Fig. 12. Again, it was the microgravity
conditions that allowed comparisons for so many seconds. It is
clear that the bubble temperature soon gets smaller than that of
the heater with the difference increasing with the bubble size, as
it has been already analyzed. In reality, the discrepancy should
be actually smaller than that shown in Fig. 12 which represents
the theoretically determined lower bound. This is so because the
contribution of the Marangoni effect which acts to rise the
bubble temperature was not included in the analysis.
Regarding the bubble lateral motion across the heater and
coalescence phenomena typical experimental results are shown
in Figs. 13 and 14. Fig. 13 presents a series of instants where a
bubble moves around a miniature heater (a glass-coated
thermistor) in the system CO2/n-heptane. Nucleation occurs at
t = 0 s. The bubble grows initially at its nucleation site for 0.68 s,
followed by a short living travel to another position where it
stops (0.84 s) and continues to grow without any further
movement. As can be seen, the bubble starts to move when it
gets roughly as large as the heater. This manifests the
significance of the relative curvatures of the heater and the
bubble which combined with the low values of interfacial
tension and contact angle in the system n-heptane/CO2/glass,
can destabilize the three phase contact line and trigger the
motion. Yet, these factors alone could only yield an instantaneous new contact line without any significant lateral motion.
Therefore, it seems reasonable to assume that the motion, once
triggered by the above factors, is further sustained by
thermocapillarity which drags the bubble towards hotter regions
around the heater.
When multiple bubbles grow simultaneously on a miniature
heater, clustering and coalescence are witnessed. Fig. 14(a)
shows four bubbles in contact with the heater and each other. It
only takes a small disturbance (g-jitter) to rupture this cluster
and make all four bubbles coalesce into one. The collapse
occurs so fast that, with our recording capacity, we capture only
blurred images of the intermediate events (not shown). After
0.16 s, the newly formed large bubble is at rest and continues to
grow until the heat pulse is over.
In order to include the bubble lateral motion and coalescence
phenomena in a global analysis of the non-isothermal degassing

In this work the current level of knowledge and understanding of the phenomena occurring during the non-isothermal
degassing of liquids is reviewed. Data obtained over several
seconds under microgravity conditions allowed for the first time
to conduct safe comparisons between experiments and
theoretical predictions. The excessive complexity arising from
the interrelationship among the occurring phenomena, forced us
to separate them and examine them one by one. Whereas the
phenomena of bubble motion and bubble coalescence on a
heated wall can be analyzed using existing techniques and
approximations, the gas bubble growth on a heated wall
requires further fundamental analysis. The complete mathematical problem is formulated and given the inability to solve it
numerically with the present resources, a series of approximations is attempted and the results are presented. Whereas up to
now the results are encouraging showing fair agreement with
experimental observations and contributing to the understanding of the whole complex process, further analysis is needed
mainly related to the quantitative assessment and computation
of the Marangoni effect around the bubble.
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